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Abstract
Positive and Projective Geometry
by
Lizzie Pratt
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Bernd Sturmfels, Chair

This dissertation contributes to the field of positive geometry, which studies semialgebraic
subsets of real algebraic varieties defined by natural positivity conditions. This is an emerging
field of mathematics inspired both by computations in particle physics, as well as examples
in combinatorics and representation theory. The work is divided into two parts.

The first part focuses on the amplituhedron, a semialgebraic subset of a real Grassmannian
introduced by Arkani-Hamed and Trnka to encode the singularities of certain scattering
amplitudes. After reviewing the basic properties of the amplituhedron, we investigate two
related families of objects. First, we introduce Grasstopes, which generalize amplituhedra by
removing positivity assumptions on the defining data; in the simplest case, we give a complete
description of their geometry and show that they can exhibit nontrivial topology, including
non-orientability. Second, we study the convex hull of the amplituhedron in its ambient
Pliicker space. This defines a polytope, which we call the exterior cyclic polytope. We study
its facet structure and use it to define a dual amplituhedron in certain low-dimensional cases.

An important role in the theory of positive geometry is played by positive geometries. These
are mathematical objects which capture features of the positive Grassmannian and (conjec-
turally) the amplituhedron. The final thing we do in this first part is provide a new family of
positive geometries called wondertopes. These generalize the moduli space of points on the
projective line. They also give an example of a positive geometry without a log canonical
resolution, showing that positive geometries do not possess such a resolution in general.

The second part of this thesis connects positive geometry with classical projective geometry,
of the sort which was popular in the late nineteenth and early twentieth century. In particu-
lar, we generalize the classical Chow form of Chow and van der Waerden, which associates to
any projective variety a hypersurface in a Grassmannian. This is an important construction
in algebraic geometry, which was historically invented to create a moduli space of algebraic
varieties, and has more recently found applications in computer vision and metric algebraic



geometry. Our construction, the Chow-Lam form, associates to a subvariety of an arbitrary
Grassmannian a hypersurface in another Grassmannian. We establish its basic properties
and describe how it behaves under common operations such as intersection and join. More-
over, we show that certain polynomials appearing in the theory of amplituhedra arise as
Chow-Lam forms of positroid varieties. We also explore applications to computational al-
gebraic geometry, including problems in computer vision and configuration spaces of points
in projective space.
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Chapter 1

Introduction

This thesis is divided into two parts, not including the introduction. The first part deals
with the amplituhedron, a geometric object arising from computations in particle scattering
[ ]. It is a semialgebraic subset of a real Grassmannian, whose boundaries encode the
poles of certain rational functions appearing as scattering amplitudes in physics. One special
case is the positive Grassmannian, defined as the locus in the real Grassmannian where the
Pliicker coordinates are positive. This semialgebraic set appears in mathematics and nature,
with connections to combinatorics, physics, electrical networks, and many other places. The
first two chapters contribute to the theory of amplituhedra, based on work with Dmitrii
Pavlov and Yelena Mandelshtam | | and Elia Mazzucchelli | ]

At the end of the first part, we discuss positive geometry. This is an emerging branch
of math which studies semialgebraic subsets of real algebraic varieties defined by natural
positivity conditions. Again, a prominent example is the positive Grassmannian as a subset
of the real Grassmannian. Another special case is the moduli space of n labeled points on the
real projective line, where the positive locus parameterizes configurations in which the points
are arranged in cyclic order. In Chapter 4, based on joint work with Sarah Brauner, Chris
Eur, and Raluca Vlad, we provide a new family of positive geometries called wondertopes
which generalize this latter case | ].

Finally, the second part of this thesis explains some connections of this work to classical
algebraic geometry. In particular, we generalize the classical Chow form of a projective
variety to the Chow—Lam form, which is defined for subvarieties of arbitrary Grassmannians.
We then prove that certain polynomials appearing in scattering amplitudes are Chow—Lam
forms of positroid varieties. The Chow—Lam form is also of intrinsic interest in computational
algebraic geometry, and we provide applications to computer vision and to configuration
spaces of points in projective space. Chapters 5-7 are based on the papers | | with
Bernd Sturmfels and | | with Kristian Ranestad, and the single-author paper | ].

The following subsections provide background and motivation for this work. At the end
of each subsection, we summarize our key contributions. Aside from the introduction, the
two parts may be read independently.



1.1 Scattering amplitudes and the amplituhedron

A major goal of high-energy physicists is to predict the outcome of particle collisions. Given
a collection of incoming and outgoing particles with fixed momenta, the key value to compute
is the scattering amplitude of the particle configuration. This is a function of the momenta
from which one may extract scattering probabilities through an additional integration step.
Theoretical physicists will predict this scattering amplitude, and pass it along to experimental
physicists working at a large particle collider; in this way they may determine if their theories
match reality, and predict the existence of new particles.

Since the 1940s, the best way to compute these amplitudes has been via Feynman dia-
grams. Feynman’s idea was the following: fix a collection of incoming and outgoing particles,
and consider all the directed graphs that can lie in between. Each such graph represents a po-
tential particle interaction, and is called a Feynman diagram in this context. One associates
to each graph an integral, and sums over all integrals to obtain the amplitude.

Of course, there are infinitely many diagrams, but the contributions of each diagram
get smaller as the number of loops in the graph increases. This infinite sum is believed
to converge in cases of interest, e.g. for the theory of gluons in N' = J super Yang-Mills.
In practice even the tree-level scattering amplitude, obtained by considering only diagrams
which are trees, is valuable to compute. For a thorough treatment of Feynman integrals and
their computation, see | ].

Figure 1.1: A Feynman graph with one incoming and one outgoing particle

However, Feynman’s method involves large amounts of cancellation and spurious singular-
ities. For example, the tree-level scattering amplitude for two-gluon to four-gluon scattering
involves hundreds of pages of calculations when done via Feynman diagrams, while the end
result is a one-line rational function | |. For a while, there was no satisfying theoretical
explanation for this simple final result, and the massive cancellation remained a mystery. A
breakthrough came in 2013 due to Nima Arkani-Hamed and Jaroslav Trnka, who showed
this rational function may be viewed as a function on the Grassmannian with poles exactly
along the boundary of a certain semialgebraic set. They called this set the amplituhedron.
This discovery inspired a flurry of activity from physicists and mathematicians alike, in an
effort to understand this new object and its place within mathematics.



To define the amplituhedron, we first need to discuss the Grassmannian. The real Grass-
mannian is a real algebraic variety which parameterizes k-dimensional subspaces of R™. The
nonnegative Grassmannian Grso(k,n) is the subset of Gr(k, n) where the Pliicker coordinates
are nonnegative (or indeed, where they all have the same sign, since coordinates in projective
space are only defined up to common scalar). The positive Grassmannian was first defined
by Lusztig in the general context of positive parts of reductive groups | |. The combina-
torics of its boundary has been extensively studied by Postnikov, who established bijections
between the boundary components and many different combinatorial objects | ]. More
generally, fix k, m,n with n > k+m and a real (k+m) x n matrix Z with positive maximal
minors.

Definition 1.1.1. The amplituhedron Ay, ,(Z) for n > k + m is the image of the linear
projection
AN*Z o Grso(k,n) — Gr(k, k +m)

M) (M 2], (1)

where [M] denotes the rowspan of the k& X n matrix M.
The case n = k+m, with Z the identity matrix, recovers the nonnegative Grassmannian.

Example 1.1.2 (The case k = 1). Here the nonnegative Grassmannian equals the nonneg-
ative orthant in Pﬁ_l, which may be seen as a simplex in the affine chart where the sum of
the coordinates is nonzero. Explicitly, in that chart we have 1 + ...+ x, =1 and x; > 0.

Let Zy, ..., Z, € R™! denote the columns of Z. We may view these as points in P
The amplituhedron Aj ,,, ,(Z) C PR is then the convex hull of the n points Z;, ..., Z,. Since
Z is totally positive, the amplituhedron has the combinatorial type of a cyclic polytope; see
the remarks after Lemma 3.3.5 for a proof. Here by combinatorial type of a polytope, we
mean the lattice of faces of the polytope, ordered by containment.

For example, A; 4 is a projection of a tetrahedron to P2. The positivity of Z guarantees
that the image will be a quadrilateral, rather than a triangle with a point in the middle. <

Zl Z2

Zy

Figure 1.2: The amplituhedron for k=1, m=2,n=4



It follows from the Tarski-Seidenberg theorem | , Section 1.4] that the amplituhe-
dron is a semialgebraic set. The complexity of the amplituhedron is, roughly speaking,
controlled by the value of m. The special case m = 4 is the one relevant to physics | ).

In the cases m = 1,2, and 4, the boundaries of the amplituhedron are particularly nice;
they are certain linear expressions in the Pliicker coordinates of Gr(k,k + m), which can
be conveniently written using twistor coordinates. These were first introduced by Hodges
[ | in a paper on cyclic polytopes, which inspired the later amplituhedron paper.

Definition 1.1.3 (Twistor coordinates). Let Z be a real (k + m) x n matrix of full rank.
Let Y be a k x k+m matrix of full rank, whose rowspan [Y] is a point in Gr(k, k+m). The
twistor coordinates of [Y] with respect to Z are defined as

| |
<Y21’Lm> = det Zil Zl YT s (12)

for each tuple 1 <4y < ... <14, <n.

One may recover the ordinary Pliicker coordinates from (1.2) via Laplace expansion of
the determinant. Furthermore, twistor coordinates satisfy the Pliicker relations for Gr(m,n).

Example 1.1.4 (Twistor coordinates on Gr(2,4)). The real Grassmannian Gr(2,4) can be
thought of as a parameter space for lines in P?, via the usual projection map from R* to P3.
The twistor coordinate (Y'12) vanishes on Gr(2,4) whenever the line spanned by Z; and Z,
meets the line [Y] in P3. Indeed, this will happen if and only if the lines Z;Z, and [Y] are
coplanar, in which case the determinant of (1.2) will vanish. o

Zy
Figure 1.3: A variable line [Y] meeting the fixed line Z; Z,

The algebraic boundary of the amplituhedron is the Zariski closure in the complex Grass-
mannian Gr(k, k + m) of the Euclidean boundary. The following results are known about
the algebraic boundary of the amplituhedron.



e The algebraic boundary of the m = 1 amplituhedron is given by (Y1), ..., (Yn) =0
[ J

e The algebraic boundary of the m = 2 amplituhedron is given by (Y'12), ..., (Yn — 1n),
(Yin)=0] , Proposition 3.1].

The algebraic boundary of the m = 4 amplituhedron is given by (Yii+1jj+ 1) =0,
for1<i<j<n]| , Corollary 8.8].

For m = 6 (and conjecturally for higher m), the algebraic boundary of the amplituhe-
dron involves some higher-degree polynomials in twistor coordinates | ].

In Chapter 2, we study a generalization of amplituhedra called Grasstopes. This is based
on the paper | ] with Dmitrii Pavlov and Yelena Mandelshtam. Grasstopes are defined
in the same manner as amplituhedra, but without the positivity assumption on the matrix
Z. We focus in particular on the m = 1 case, where we obtain a complete characterization,
generalizing the work of Karp and Williams [ |. In this case the amplituhedron lives
in the Grassmannian Gr(k, k + 1), which is isomorphic to projective space P¥. Our main
theorem is that, as for the amplituhedron, Grasstopes are unions of certain regions in the

complement of the hyperplane arrangement given by the vanishing of (Y'1), ..., (Yn).
We also use our theorem to give examples of Grasstopes with interesting topology. While
m = 1 amplituhedra are homeomorphic to closed balls | ], we will show that m = 1

Grasstopes may be non-orientable.

Example 1.1.5. This is Example 2.3.3 from Chapter 2. The matrix in question is

T

The Grasstope is the image of the positive Grassmannian under the map (1.1), and is depicted
as the shaded region in Figure 1.4. It consists of regions whose sign vectors have at least
two sign changes. It is the complement of a disc in P2, so it is homeomorphic to a Mobius
strip. o

In Chapter 3, following the paper [ | with Elia Mazzucchelli, we study the convex
hull of the amplituhedron in its ambient Pliicker space. This is a polytope, which we call
the exterior cyclic polytope Cmn(Z). It generalizes the cyclic polytope from Example 1.1.2.
Our first main theorem in Chapter 3 is the following.

Theorem 3.5.7. We have that
Az 00 (Z) = Gr(2,4) N Ca0,(2), (1.3)

for every real 4 X n matrix Z with positive maximal minors.
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Figure 1.4: A non-orientable Grasstope. The complement is a disc in P3.

We also use our description of Ck ,,.»,(Z) and its dual to give a dual amplituhedron in the
case k = m = 2. A priori, there is no definition of the dual of a semialgebraic subset inside
the real Grassmannian. Our definition extends the notion of the polar dual of a convex set
in R™ to a connected semialgebraic subset of any embedded projective variety.

1.2 Positive geometry

Over the past few years, there has been much effort to define a mathematical concept which
captures features of the positive Grassmannian and the amplituhedron. The paper | ]
was the first to put forth a formal definition of a positive geometry. In their language, a
positive geometry is a triple of a complex projective variety X, a semialgebraic subset X~
of its real locus, and a meromorphic top-form €2, satisfying the conditions of Definition 1.2.3.
To state these conditions precisely, we first introduce the Poincaré residue, which extends
the residue from single-variable complex analysis to the multivariate setting.

Let X be an irreducible complex n-dimensional algebraic variety, {2 a meromorphic n-
form on X, and H C X an irreducible hypersurface on X. Assume that () has at most
simple poles on H. Let f be a local coordinate such that f vanishes to order one on H.
Write p

Q= 7f An+n

for an (n — 1)-form 7 and a n-form 7', both without poles along H.



Definition 1.2.1. The (Poincaré) residue is the (n — 1)-form on H given by
Resy Q) := n’H. (1.4)
In particular, if 2 does not have a pole along H, then the residue is zero.

This residue does not depend on the choices of f, n, and n’. To compute this decompo-
sition concretely, one must pass to a system of local coordinates, as in Examples 1.2.2 and
1.2.4.

Example 1.2.2. Let X = PL. Let Q be the differential form given in local coordinates by

x—b b—a
Q=dl = dz.
&4 (x—a)(x—b)x
Then the residue at the point a is % = —1, and similarly the residue at b is 1. o

Definition 1.2.3. A positive geometry is a pair (X, X>q) consisting of an n-dimensional
irreducible normal complex projective variety X defined over R, and a semialgebraic subset
X>0 € X(R), along with a unique nonzero meromorphic n-form (X, X>0), satisfying the
following properties.

e The interior X.( := int(Xs¢) of X5¢ is a smooth oriented real n-manifold, and the
Euclidean closure of X+ is X>¢.

e Let 0X be the Zariski closure of X\ X0, whose codimension 1 irreducible compo-
nents are C1, ..., Cy. Then, with C; >¢ as the Euclidean closure of int(C; N (X5 \ X>0))
in C;(R), the n-form Q(X, X>¢) satisfies the following recursive property:

(a) ifn =0, then X = X5 is a point and Q(X, X5() = £1, depending on orientation;
and
(b) if n > 0, the form Q(X, X>¢) has simple poles along each C; and no other poles,

and every (C;, C; >0) is a positive geometry, with the orientation on C; - inherited
from that of X.g, such that the residue of Q(X, X5¢) along C; satisfies

RGSCi Q(X, XZO) = Q(CZ, Ci,ZO)'

The n-form Q(X, X>) is called the canonical form of (X, X>¢), and X>¢ the nonnegative
part. We call (C;, C; >0) a (codimension 1) boundary component of (X, X>o).

Many well-studied spaces are positive geometries with naturally arising nonnegative re-
gions. Examples include flag varieties and toric varieties | ], the moduli space My, of
n-pointed stable rational curves [ |, and del Pezzo surfaces and their moduli spaces
[ ]. Conjecturally, the amplituhedron is the nonnegative region of a positive geometry,



where the complex manifold is a Grassmannian | , Conjecture 6.3]. For an introduc-
tion to the field, see | ; ]. The prototypical example of a positive geometry is
(P™,P) where P is a polytope in real projective space | , Section 6]. The following

example gives an explicit computation of the canonical form of a particular quadrilateral.

Example 1.2.4 (Quadrilateral in P?). Consider the quadrilateral P in Figure 1.5, whose
bounding hyperplanes are given by linear forms x, y, x+ 2y — 2, and 2x +y — 2. Its canonical

\

Figure 1.5: A quadrilateral (green) and its adjoint line (red)

form is
r4+y—1

P xy(x +2y —2)2x +y — 2)
The numerator is needed to cancel out spurious poles, so that the residues are correct. For
example, the residue along the boundary component {z = 0} is

dxdy.

dx r+y—1
Resg—o 2p = Resfy_gr — A d
Bl e vy =)y —2)
T+y—2 y—2 1
= dy = dy = ——=dy.
y(x +2y —2)(2r +y —2) “le=0y  y(2y —2)(y - 2) y(y — 1)

The latter has poles only at ¥y = 0 and y = 1, reflecting the fact that the point (0,2) is
not a face of the polytope. The numerator of the canonical form is called the adjoint of the
polytope. For more on computing canonical forms of polytopes, see | ]. o

Chapter 4 introduces a new family of positive geometries called wonderful polytopes, or
wondertopes, which generalize the case of a polytope in projective space. It is based on joint
work with Sarah Brauner, Chris Eur, and Raluca Vlad | ].

Let V = R™ be a real vector space. We will slightly abuse notation and use PV to denote
either its projectivization or the projectivization of P(V ®g C), whenever the underlying field
is clear from context. A wondertope is constructed from a polytope P C PV and a set B of
proper linear subvarieties of PV satisfying the following properties:



(1) for every F' € B, the intersection F'NP is a (possibly empty) face of P,
(2) every hyperplane whose intersection with P is a facet of P is in B, and

(3) Bisa building set in the sense of | , Theorem 2.3.(2)]; that is, for every intersection
L = (\per F of a subset F of B, the subset

Fr ={F € B| F is minimal (by inclusion) among elements of B that contain L}

of B satisfies Z codimpy F' = codimpy L.
FeFr,

Definition 1.2.5. With notation as above, choose any ordering of B = {F}, ..., F}} such
that i < j if F; C F}, and define X7, also denoted PV?, to be the sequential blow-up

X¥:= Bl (- (Blp,(Bly, PV)) - --)

with the blow-down map 7z : X¥ — PV. Here, we reuse notation to write Fh for the strict
transform of Fy in Blg, PV, and similarly for Fy,. .., Fi. The wondertope P is defined as

PB = the Euclidean closure of 75" (the interior of P) in X5(R).

The variety X% is known as the wonderful compactification of the arrangement com-
plement C'(B) = PV \ (UB), introduced by De Concini and Procesi in | ]. That a
wondertope is semialgebraic is verified in Corollary 4.2.6. Our main result is the following.

Theorem 1.2.6. The pair (X7, 758) 1S a positive geometry. Its canonical form is the pullback
5PV, P) of the canonical form of (PV,P). The boundary components of (X2, PB) are (the
strict transforms of ) the exceptional divisors Er for F € B such that dim(P N F) = dim F.

One special case of Theorem 1.2.6 arises from the rank (n — 1) braid arrangement A,
comprised of hyperplanes {z; —x; = 0} in V = R*/R - (1,1,...,1) for 1 < i < j < n.
The complement C'(A4,_1) = PV \ A,,_; is isomorphic to My 11, the moduli space of n 4 1
distinct points on P'. For an appropriate choice of building set, the corresponding won-
derful compactification is isomorphic to the Deligne-Knudsen—Mumford compactification
Mo | |. The polytope in this context is a simplex, and the corresponding wonder-
tope (Mg..+1)>0 is combinatorially isomorphic to the n-associahedron, which parameterizes
triangulations of an (n + 1)-gon. It is sometimes called the “curvy associahedron.” The
systematic study of (Mg,41)>0 was initiated by Devadoss | ].

More recently, Brown and Dupont have developed a new framework for positive geometry
based on Deligne’s mixed Hodge theory | |. Rather than a semialgebraic set, their main
object of interest is a pair (X,Y) where X is a complex projective variety, ¥ C X is a
closed subvariety, and the complement X \ Y is smooth. Canonical forms are recast as a
map from H,(X,Y) to the vector space ! (X \ Y) of holomorphic top-forms on X \ YV

log
with logarithmic poles at infinity. In their setting, invariance under blow-ups is immediate,
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FTR

Figure 1.6: A region (a_simplex) in Mys = C(A3) in P? (left) and its wondertope (Mo s5)>o
(an associahedron) in Mg 5 (right).

whereas Chapter 4 will show that this is not the case for Definition 1.2.3 (see non-examples
in Sections 4.5.2 and 4.5.3). While we will not use their theory within this thesis, we believe
that it is a promising new viewpoint which will drive further development in the subject.
We reiterate that, while these definitions were inspired by the amplituhedron and sur-
rounding mathematics, it is still unknown whether amplituhedra are positive geometries in
general. The only known cases are Ay ,(Z) C Gr(2,4), in which case the conjecture was
proven by explicit analysis of the boundary components and their intersections | ].

1.3 Classical algebraic geometry

It is a fact of life that any algebraic curve in P? can be represented as the zero set of a single
irreducible polynomial. In 1864, Cayley asked the question: can a curve in P? be captured
by a single irreducible polynomial? Of course, one needs at least two polynomials to cut it
out of the ambient space. But Cayley came up with the following trick: consider the set of
lines in P* which meet a given curve V. These lines form a hypersurface in Gr(2,4), whose
points parameterize lines in 3. This hypersurface is defined by a single equation, called the
Cayley form of the curve | |. This is the desired polynomial. Indeed it is a nontrivial
fact that, given the Cayley form, one can recover the radical ideal of the curve.

Example 1.3.1 (Twisted cubic). Let V be the closure of (1 : ¢ : ¢*: ¢?) in P?. Tts Cayley
form in primal Pliicker coordinates is the determinant of the Bézout matriz:

P12 P13 D14
Cy = det | p13 pia+pas paa| . (1.5)
P14 D24 D34

Passing to coordinates p;; = a;b; — a;b;, we obtain the Sylvester resultant

CV = Rest ((11 + CLQt + CL3t2 + a4t3, b1 + bgt + b3t2 —+ b4t3).
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This is a polynomial of degree 6 in 8 unknowns. It characterizes pairs of cubics in one
variable with a common root. o

The Cayley form was generalized in the 1930s by Chow and van der Waerden to any
projective variety | ]. That is, take a variety ¥V C P"~! of dimension d and consider

Cy:={LeGr(n—d—1,n) : LNV # o}

The homogeneous coordinate ring of the Grassmannian is a UFD, so Cy, is cut out by a single
equation Cy, in Pliicker coordinates. We call Cy, the Chow form of V | ].

Chow forms have many nice properties. If V is irreducible, so is its Chow form. The
degree of the Chow form equals the degree of the original variety. Finally, given Cy,, one can
reconstruct the radical ideal of V | |. This last property was the original motivation for
Chow and van der Waerden’s construction.

In Chapter 5, we generalize the Chow form to certain subvarieties of an arbitrary Grass-
mannian. Suppose we are given a subvariety V of Gr(k,n), where dim(V) = k(r — k) — 1
for some r € {k +1,...,n}. Our aim is to characterize V by a single equation. Let CLy
denote the set of linear spaces P € Gr(k +n — r,n) which contain a subspace @ belonging
to V. The codimension of CLy, in Gr(k + n — r,n) is expected to be one. If it is one, then
CLy is defined by a homogeneous polynomial in Pliicker coordinates, which is unique modulo
Pliicker relations. This polynomial is denoted CLy, and called the Chow-Lam form of V. For
k € {1,n — 1}, this specializes to the Chow form of a projective variety ¥V C P~ 1.

Example 1.3.2. Suppose that n = r, in which case V is already a hypersurface in its ambient
Grassmannian. In this case its Chow—Lam form is just its defining equation. o

Example 1.3.3 (Ruled surface in P?). Let V be a curve in the Grassmannian Gr(2,4). Here
k =2,n =4, and r = 3. Thus the Chow-Lam locus lives in Gr(3,4) = (P?)". It consists of
planes containing a line in P?, such that the line is a point of V.

T~

Figure 1.7: Geometry in P? (left) and Gr(2,4) (right)
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Let Xy be the ruled surface in P? swept out by all of the lines in V. Then any tangent
plane to Xy, contains the two lines in Xy, through the point of tangency; thus the dual surface
X is contained in CLy. In fact, since they are irreducible varieties of the same dimension,
we have that the Chow-Lam locus is precisely XJ. o

This generalization to Grassmannians is inspired by computations in positive geometry.
Indeed, the theory of Chow—Lam forms is closely connected to the map (1.1). The following
theorem tells us that when A*Z (V) is a hypersurface, we can read its defining equation from
the Chow—Lam form of V. The idea is to project to Gr(k,r), at which point the projection
is a hypersurface, and its Chow—Lam form is simply its defining equation.

Theorem 5.2.10. The Chow—Lam form CLxz(yy is obtained from the Chow-Lam form CLy,
by replacing each primal Pliicker coordinate p;, ;, with the twistor coordinate (Y iy ... 1),
forl1 <4 < ... <1, <n.

Example 1.3.4. The twisted cubic is the embedding of P! into P? given by [s : t] > [s* :
st : st? : t3]. Suppose that Z is any 3 x 4 matrix of full rank. Then the equation defining its
projection to P? via Z can be read off from (5.2) by replacing p;; with (Yij) = det[Y Z; Z],
where Y is a 1 x 3 matrix representing a point in P2. For example,

(Y12) = (Zlizzj - Z2izlj)y3 - (le‘Z3j - ZSizlj)y2 + (ZZiZBj - 2’31‘22]‘)91.

Thus (5.2) functions as the universal equation of the projected curve in P2, capturing the
data of all linear projections at once. o

The name “Chow—Lam form” recognizes work of Thomas Lam | ; | at the
interface of combinatorics and particle physics. Lam focuses on the case when V is a positroid
variety, namely a boundary component of the positive Grassmannian Grsq(k, n). Concretely,
a positroid variety is defined by the vanishing of certain collections of Pliicker coordinates.
Lam refers to CLy as the universal amplituhedron variety | , Section 18.1], and he
discusses universal projections via twistor coordinates, as in Proposition 5.2.10.

The three chapters in Part 1T do the following.

e Chapter 5: we explain the basic properties of Chow—Lam forms, such as degree, and
show how to compute them in many practical examples. This is based on the paper
[ ] with Bernd Sturmfels.

e Chapter 6: One can completely recover a variety from its Chow form. We explore to
what extent this holds for Chow—Lam forms, and give many interesting families where
recovery is not possible. This is based on the paper | ] with Kristian Ranestad.

e Chapter 7: Chow forms of toric varieties have particularly rich combinatorics. We
characterize Chow—Lam forms of torus orbit closures in the Grassmannian. We also
discuss applications of the Chow—Lam form to algebraic vision and to the moduli space
of point configurations on the projective line.
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The introduction and study of Chow-Lam forms is part of a larger pattern of discrim-
inants appearing in physics, not just in the study of the amplituhedron but also in the
study of the individual Feynman integrals [21]. Developing the theory of these discriminants
systematically is useful for mathematics and physics alike.



Part 1

Scattering amplitudes and the
amplituhedron

14
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Chapter 2

Grasstopes

This chapter is based on the paper Combinatorics of m = 1 Grasstopes, which is joint work
with Dmitrii Pavlov and Yelena Mandelshtam | . We give new proofs of the main
theorems, the original versions of which can be found in Sections 2-3 of the aforementioned
paper. We also added Example 2.3.4. The material in Sections 4-6 is largely unchanged.

As previously mentioned, the amplituhedron is a semialgebraic set whose boundary en-
codes certain scattering amplitudes in physics. In recent years, the amplituhedron has been
studied extensively from the point of view of algebraic combinatorics for m = 1,2,4 (see
[ : : : : ; ]). While the m = 4 case is the most
physically relevant, the other cases have rich combinatorics in their own right and can give
intuition towards the m = 4 case. The structure of the m = 1 amplituhedron is particularly
simple: Karp and Williams | | show that it is homeomorphic to the complex of bounded
cells of an affine hyperplane arrangement and therefore is homeomorphic to a closed ball.

One reason why the amplituhedron is so amenable to combinatorial study is that the to-
tally nonnegative Grassmannian has a rich combinatorial structure. In particular, Gr>o(k,n)
admits a stratification by positroid cells, which are all homeomorphic to open balls | ].
However, amplituhedra are images of very special linear maps, just as cyclic polytopes are
very special polytopes. From this point of view, it makes sense to consider images of the to-
tally nonnegative Grassmannian under arbitrary linear maps. In | |, Lam considers the
images of positroid cells under arbitrary linear maps, and calls them Grassmann polytopes.
Images of the entire totally nonnegative Grassmannian are full Grassmann polytopes.

The goal of this chapter is to relax the positivity condition on Z in the definition of the
amplituhedron, and see how this affects the topology of the resulting semialgebraic set. The
rest of the chapter is organized as follows. In Section 2.1, we define Grasstopes. We introduce
the concepts necessary for the sign variation characterization of m = 1 Grasstopes and prove
some auxiliary results about general Grasstopes. In Section 2.2, we study the combinatorics
and geometry of Grasstopes for m = 1 and prove the sign variation characterization results
for Grasstopes, as well as for open rational Grasstopes. Section 2.3 is devoted to examples.
In Section 2.4, we give background on oriented matroids, which is useful for Section 2.5.
Finally, in Section 2.5 we investigate how many regions of a hyperplane arrangement can
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be in an m = 1 Grasstope, and, based on the sign variation characterization, suggest a
definition of the Grasstope of a (not necessarily realizable) oriented matroid.

2.1 Preliminaries

2.1.1 Grassmann polytopes

Let Z be a real (k +m) x n matrix of full rank, where k +m < n. The matrix Z defines a
rational map

Z : Gr(k,n) --» Gr(k,k +m)
[A] = [AZT],

where [A] is the class in Gr(k, n) of a matrix A.

Definition 2.1.1 (Grasstopes). The image Z(Grso(k,n)) € Gr(k,k + m) is called the
(k,m,n)-Grasstope of Z and is denoted by Gy mn(Z).

In the special case where Z has positive maximal minors, we recover the definition of
the amplituhedron Ay, »(Z). We remark that the map Z is really the composition of two
maps. To see this, let W be the rowspan of the matrix Z. Then we have a map

Z : Gr(k,n) --» Gr(k, W)
[A] = Projyy ([A]),

which projects the subspace represented by A to W. To obtain the amplituhedron map, we
choose an isomorphism of Gr(k, W) with Gr(k, k 4+ m). A choice of such an isomorphism is
equivalent to a choice of basis for W, which is provided by the rows of the matrix Z.

Note that the map Z is not everywhere defined. Indeed, the projection of [A] to W
may have dimension smaller than £, in which case it is not an element of the Grassmannian
Gr(k,W). In general, the map Z has base locus

Q(Z) :={V : dim(V Nker Z) > 1} C Gr(k,n),

which may or may not intersect Grso(k,n). The variety €2(Z) is a Schubert variety, so in
particular it is closed in Gr(k,n) | , Section 17].

Even if the base locus Q(Z) has nonempty intersection with the nonnegative Grassman-
nian, it still makes sense to consider the image of Grso(k,n)\ ((Z)NGrso(k,n)). Even when
the map Z is not regular on the nonnegative Grassmannian, we will still write Z(Grso(k, n))

for this image, and call it a rational Grasstope.

Definition 2.1.2 (Rational Grasstope). Suppose the map Z is not well-defined on Gr(k, n)>0-
Then the image Grma(Z) = Z(Gr(k,n)sq) is called a rational Grasstope. The image
Gomn(Z) = Z(Gr(k,n)so) of the totally positive Grassmannian is called an open rational
Grasstope. For m = 1, this is indeed an open set, as shown in Proposition 2.2.7.
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So far we have defined the Grasstope in terms of projections. However, we may work
with another definition, in terms of intersections. This is based on the following fundamental
linear algebra fact, which states that projecting and dualizing is the same as slicing the dual.

Lemma 2.1.3. Suppose that V and W are vector spaces of R™. Then
W =V+nW @ Proj, (V). (2.1)

Proof. Suppose that w is in W. Then, for any v € V, we have (w, Proj, (v)) = (w,v).
Therefore,
w L Projy, (V) <— wlV.

It follows that the orthogonal complement of Projy, (V) in W is equal to V- N W. [

As before, let Z be a real (k 4+ m) x n matrix of full rank, where k +m < n. Let W be
the rowspan of Z. We define the map

7 : Grso(k,n) — Gr(m, W)
[A] — [ker A] N W.

Definition 2.1.4 (Primal Grasstopes). The image Z(Grso(k,n)) € Gr(m, W) is called the
primal (k,m,n)-Grasstope of W and is denoted by Hp, m.n(W). The image Z(Grso(k,n)) C
Gr(m, W) is called the primal rational(k, m,n)-Grasstope of W and is denoted by Hy, . (W).

In the special case where W has strictly positive Pliicker coordinates, Hy. m (V) is equal
to the B-amplituhedron By ,,,(W), which appears in work of | ].

Lemma 2.1.5. The base loci of the maps Z and Z coincide.

Proof. By the decomposition in Lemma 2.1.3, Projy, (V) has dimension less than & if and
only if VN W has dimension greater than m. O

There is a map fz from Gr(m, W) to Gr(k, k +m), given by sending V to V- N W, and
then composing with the isomorphism from Gr(k, W) to Gr(k,k +m). By | , Lemma
3.12], the map fz restricts to a homeomorphism from By ,,,(Z) onto Ay mn.(Z). The same
proof works for the following proposition.

Proposition 2.1.6. For every real (k + m) x n matriz Z of full rank, the map fz is a
homeomorphism from Hpmn(W) to Gmn(Z).
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2.1.2 Sign variation

We now recall the definition of sign variation from | ).

Definition 2.1.7 (Sign variation). Given a sequence v of n real numbers, let var(v) be
the number of sign changes in v (zeros are ignored). Let var(v) := max{var(w) : w €
R™ such that w; = v; for all i € [n] with v; # 0}, i.e. var(v) is the maximum number of sign
changes in v after a sign is chosen for each zero component. Note that both var and var are
well-defined functions of homogeneous coordinates of a point in P*~ .

Example 2.1.8. The vector v = (1,0,0,—1,1, —1) has var(v) = 3 and var(v) = 5. o

By the following theorem of Gantmacher and Krein, sign variation gives an alternate
description of both the nonnegative Grassmannian and the positive Grassmannian. This
version of the theorem appears in the work of Karp and Williams | , Theorem 3.4], and
indeed we will use it in a very similar manner as they do.

Theorem 2.1.9 ([GK50, Theorems V.3, V.7, V.1, V.6]). Let V € Gry,.

(1) Ve GI‘?% < var(v) < k—1 for allv € V < var(w) > k for all w € V+\ {0}.
(i) V € Gy, <= var(v) < k—1 for allv € V\{0} < var(w) > k for allw € V+-\{0}.

Furthermore, | , Lemma 4.1] states that a vector v has sign variation less than or
equal to k£ — 1 if and only if there exists a vector space V' € Grso(k,n) containing v. We will
use this result several times in the next section.

2.1.3 Tame and wild

Finding combinatorial conditions for Z to be well-defined on Grso(k,n) has been an active
area of research for several years. In | , Proposition 15.2] Lam proved that if Z is
well-defined on Grso(k,n), then Gy ., (Z) is closed and connected. In the same proposition,
he showed that the following condition is sufficient for Z to be well-defined:

There exists a (k+m) x k matrix M such that all k x k minors of Z7 M are positive. (2.2)

For a sketch of the proof, assume that M is the (k + m) x k matrix obtained by taking the
first k columns of Z. For any k x n matrix A, let A’ be the submatrix obtained by taking
the first & +m columns of A. Then the Pliicker coordinate p;. x(AZT) is equal to det(A’M).
By the Cauchy-Binet theorem, this equals the sum of products of minors of A and M, where
each term is the product of a nonnegative and a positive number, and not all minors of A
are zero. Thus det(A’'M) is positive, and there is no A in Grso(k,n) such that all Pliicker
coordinates of AZ7 are zero.

Geometrically, condition (2.2) means that the element of Gr(k + m,n) represented by Z
contains a totally positive k-dimensional subspace, that is, an element of Grso(k,n). Lam
also conjectured that this condition is necessary for Z to be well-defined on Grso(k,n). This
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conjecture turned out to be false, with a counterexample given by Galashin (see | ,
Remark 9.3] and Example 2.3.2). A combinatorial criterion was given in | , Theorem
4.2]. Lam’s conjecture gives rise to the following definition.

Definition 2.1.10 (Tame Grasstope). The Grasstope Gy mn(Z) is tame if Z satisfies (2.2).

We now give a simple geometric criterion of tameness. Although well-known to specialists
in this area, this result seems not to have appeared in the literature yet. In what follows, for
the sake of simplicity, we slightly abuse notation and write Gy ,,,(Z) both for the Grasstope
as a subset of Gr(k, k +m) and its image under the Pliicker embedding.

Proposition 2.1.11. The Grasstope G m.(Z) is tame if and only if there exists a hyperplane
in PCY) =Y which does not intersect Grmn(2).

Proof. Any (k+m) x k matrix M defines a hyperplane in P ~! by its Pliicker coordinates:

a point p € P(*")=1 lies on the linear subspace defined by M if and only if (A M)Tp = 0.
Suppose that Z satisfies (2.2) and M is a (k+m) x k matrix such that Z7 M is totally positive.
Suppose that a point in Gy, (Z) lies on the hyperplane defined by M. Then, for some
A € Grso(k,n), it holds that (AyAZT)(AxM) = 0, which implies that (A A)(Ax(ZTM)) = 0.
Since all k£ x k minors of A are nonnegative, and at least one is nonzero, it is not possible
for all k x k minors of Z* M to have the same sign. Thus, if there exists M such that Z7 M
has all positive (or negative) k£ x k minors, then the image Gy, »(Z) does not intersect the
hyperplane defined by M.

Now suppose that Z does not satisfy (2.2), that is, for any M the matrix Z7 M has either
a zero k X k minor or at least one positive and one negative k£ x k minor. We will show that
there exists a matrix A € Grso(k,n) such that (AL A)(A(ZTM)) = 0, so that the hyperplane
defined by M intersects Z(Grsq(k,n)).

In the first case, when Z7 M has a zero minor in the i Pliicker coordinate, one can find
an element A € Grso(k,n) which has all Pliicker coordinates equal to zero except for the it
one. In this case, (A A)(Ax(ZTM)) = 0.

Now consider the second case, in which Z M has at least one positive and one negative kxk
minor. By the pigeonhole principle, there exists a set of column indices I = {i1,..., 451}
such that two Pliicker coordinates involving I (which we label p;ug;y and pryg;y) have different

signs. Then, take (g1, % : - * Guokt1,..n) € P(:)=1 such that all coordinates except for
qrugiy, qrugy are zero, and qrugy = |prugy| and qrugy = |[prugiy|- Then, all Pliicker relations are
satisfied so this point represents an element A € Grso(k,n). We have (A A)(AL(ZTM)) =0,
so the hyperplane given by M intersects the Grasstope Gy m.n(Z). O

k
Note that when m = 1, every hyperplane in IP’( -1 corresponds to some point in

Gr(k,k+1). Then by choosing a hyperplane disjoint from Gy 1 ,(Z) to be the hyperplane at
infinity, we arrive at the following result.
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Corollary 2.1.12. The Grasstope Gi1.,(Z) is tame if and only if its image under the Pliicker

embedding is contained in some affine chart of p("i")-1,

Tame Grasstopes share many nice properties with amplituhedra. In particular, for m =1
they are homeomorphic to closed balls and can be described as complexes of bounded cells
of affine hyperplane arrangements | , Section 9]. The focus of this chapter, however, is
to study more general Grasstopes, which may behave somewhat less regularly.

Definition 2.1.13 (Wild Grasstope). If the map Z is well-defined on Gr(k,n)=o but Z does
not satisfy (2.2), then the Grasstope Gy, m.n(Z) is called wild.

2.2 Results

We first extend [ , Corollary 3.19] from the B-amplituhedron to primal Grasstopes.

Theorem 2.2.1. Let Z be a real (k+ 1) x n matriz such that Z has no base locus inside of
Grso(k,n). Let W be the rowspan of Z. Then

Hirn(W) = {w € P(W) : var(w) > k}.

Proof. For one inclusion, suppose that w = VX N W for some V € Grso(k,n). Then by
Theorem 2.1.9, we must have that var(w) > k.

For the other inclusion, suppose that var(w) > k. Then var(alt(w)) < n —k — 1, so we
can extend alt(w) to some V € Gr=%(k,n). We may write V = alt(V*) by | , Lemma
3.3(ii)]. Then w is contained in V=, O

For a rational Grasstope, we still have that any w with var(w) > k lies in some V* with
V in the nonnegative Grassmannian. The issue is that V- N W may have dimension greater
than one, so that V' lies in the base locus of the map. However, we can still characterize the
open Grasstope in terms of sign patterns.

Theorem 2.2.2. Let Z be a real full-rank (k + 1) X n matriz with rowspan W. Then
Hyy (W) ={w € P(W) : var(w) > k}.

Proof. For one inclusion, suppose that w = V+ N W for some V € Gryg(k,n). Then by
Theorem 2.1.9, we must have that var(w) > k.

For the other inclusion, suppose that var(w) > k. Let V denote the Schubert variety of
(n — k)-spaces containing w. Then the intersection of V with U := {V+ : V € Grog(k,n)} is
non-empty, by the same argument as Theorem 2.2.1. The map which sends V' € Gr(k, W) to
V+ € Gr(m, W) is open (in the Euclidean topology), and so is the positive Grassmannian.
Therefore U is open. Thus V NU is open and nonempty in V.

Consider the Schubert variety W of (n — k)-spaces meeting W in dimension at least two.
In other words, W is the base locus of the map Z. Tt remains to show that W intersects V in
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a proper subvariety. But this is true; indeed, (w)® W+ has dimension n—k and intersects W
only in w, so it is a point in ¥V \ W. Now, we may find a vector space V€ (VNU)\ (VNW),
so that V* lies in the positive Grassmannian but outside the base locus. O

Throughout this section, W will denote the rowspan of Z, as in Theorem 2.2.2. In
order to use these theorems to obtain a description of the Grasstope Gy 1,(Z) in terms of
coordinates, we must describe the map Gr(k, k+1) — Gr(1, W) explicitly. We briefly review
the definition of twistor coordinates from Section 1.1.

Definition 2.2.3 (Twistor coordinates). Let Z be a real (k + m) x n matrix of full rank.
Let Y be a k x k+m matrix of full rank, whose rowspan [Y] is a point in Gr(k, k+m). The
twistor coordinates of [Y] with respect to Z are defined as

| |
<Y’Ll Ce 7Zm> = det Zi1 e Zl YT , (23)

m

for each ordered subset (iy,...,4,) of [n].

We now focus on the case m = 1, in which case these coordinates are a convenient way
to describe the map from Gr(k, k+1) to Gr(1, W). Let Z be a real n x (k+ 1) matrix of full
rank. The space Gr(k, k+1) is isomorphic to dual projective space (P)*, which parameterizes
k-dimensional vector subspaces of R¥*!. Let x be a vector of length k + 1, whose entries are
the Pliicker coordinates of a point [x] in Gr(k, k+1). Then the twistor coordinates of [x] are
linear forms in the entries of x. We relabel these linear forms [;(x), ..., [,(x) to emphasize
the dependence on x.

Lemma 2.2.4. Let W C R" be a (k + 1)-dimensional vector space. Let fr : Gr(1,W) —
Gr(k, k+1) be the composition of V +— VENW and the isomorphism Gr(k, W) — Gr(k, k+1).
Then in coordinates, the inverse fZ_1 15 given by

x = [l1(x) ;.. (%)),
where the latter is a point in P"~1 lying in PW.

Proof. To see this concretely, we may rewrite the linear form (xi) as the dot product Z; - x,
where X is a vector of length k 4+ 1 whose entries are linear in the coordinates of x. Then
%X € P* is the vector of coordinates representing the orthogonal complement of the vector
space [x] in R¥*!. Indeed by the determinantal expression in (2.3), Z; is in [x] if and only if
(x1i) = Z; - & vanishes. Concretely, we have

}AC = ((—1>k71£€k, ..., —X9, xl).

The hyperplane [x] in R¥*™ gives a hyperplane in W via the isomorphism Gr(k,k +m) —
Gr(k, W). The length n vector XV spans the orthogonal complement in W of this hyperplane.
O
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This analysis gives the following concrete description of m = 1 Grasstopes in Pliicker
coordinates, originally given in | |. Here L(x) is any lift to R™ of the point [[;(x) : ... :
l,(x)]; indeed, all lifts have the same sign variation vectors. Lemma 2.2.4 allows us to plug
in w = L(x) in Theorems 2.2.1 and 2.2.2, from which we deduce the following corollaries.

Corollary 2.2.5. [ , Theorem 3.1] Suppose Z : Gr(k,n) --» Gr(k,k + 1) is well-
defined on Grso(k,n). Then the Grasstope G, 11(Z) consists of the points x € P¥ such that
var(L(x)) > k, where L(x) is the vector of twistor coordinates of x with respect to Z.

Corollary 2.2.6. | , Proposition 3.3] For a map Z : Grso(k,n) --» Gr(k,k+ 1)
given by a matriz Z, the open Grasstope Z(Grso(k,n)) consists of the points x € P* such
that var(L(x)) > k, where L(x) is the vector of twistor coordinates of x with respect to Z.

We conclude this section by showing that open rational Grasstopes are indeed open.

Proposition 2.2.7. The open rational Grasstope of Z is open and, if Z has no zero columns,
the closure of the open rational Grasstope of Z contains the rational Grasstope of Z.

Proof. Let Z define a rational Grasstope and consider a point x with var(L(x)) > k, where
L(x) is the vector of twistor coordinates of x with respect to Z. Then for all points x in a
sufficiently small neighborhood around it, L(x) has the same signs as L(x) in all the indices
of the nonzero entries of L(x). Since changing the zero entries cannot decrease the sign
variation, the neighborhood is contained in the open rational Grasstope.

It follows from Theorem 2.1.9 that the rational Grasstope of Z must be contained in
the set C' := {x : var(L(x)) > k}. We show that when Z has no zero columns, C' is the
closure of the open rational Grasstope of Z. First, we show that the complement of C, the
set {x : var(L(x)) < k}, is open. Let x be such that var(L(x)) < k. Then for all points x’
in a sufficiently small neighborhood around x, L(x’) has the same signs as L(x) in all the
indices of the nonzero entries of L(x). Since changing the values of the zero entries cannot
increase var, we know var(L(x')) < k. Therefore C' is closed.

Now consider a point x € C' and an open neighborhood N of points around it. We will
show that there is some x’ € N with var(L(x")) > k, which is sufficient to conclude that C
is the closure of the open rational Grasstope of Z. Since Z has no zero columns, each zero
entry of L(x) corresponds to containment of x in a hyperplane. Any open neighborhood
around x contains points on either side of the hyperplane.

Similarly, if x lies in the intersection of several hyperplanes, any open neighborhood of
x contains points in each orthant defined by these hyperplanes, so any sign pattern can be
achieved using the zero entries in L(x). In particular, there exists a point x’ with signs in
the nonzero entries of L(x) equal to the signs of the corresponding entries of L(x’), and signs
of the zero entries replaced by the signs ensuring var(L(x’)) > k. Indeed, we can restrict N

to be small, so that the signs in the nonzero entries of L(x) are unchanged.
O
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In Section 2.3, we give some examples where the rational Grasstope is equal to the closure
of the open rational Grasstope. However, we do not know if this holds in general. It would
be interesting to describe which boundary components are contained in m = 1 rational
Grasstopes.

2.3 Examples

In this section we provide examples of the families of Grasstopes we considered. We begin
with an example of a tame Grasstope.

Example 2.3.1 (A tame Grasstope). Let

1 0 -1 -3 -2
Z=10 1 1 2 1
00 1 -1 -2
This matrix is not totally positive, since pjo3 = 1 and p1os = —1. However, the first two
columns of Z span a totally positive line, so Z satisfies (2.2) with the matrix M being
10 0]"
0 1 0f °

Therefore the resulting Grasstope is tame but is not an amplituhedron. The columns of Z
define five linear forms:

L=z bL=—y lI=rx—-—y—2 lL=—-2-2y—32, Izy=-2rx—-y—2z.

Not every affine chart that we choose results in a bounded picture. For instance, if we
map (z:y:z)+— (x+y:y:2z) and dehomogenize with respect to the first coordinate, the
resulting picture is unbounded. However, as predicted by Corollary 2.1.12; there are lines
disjoint from the Grasstope. One of them is {—4z + z = 0} in P?. By picking it to be the
line at infinity (that is, by mapping (z : y : z) — (—4x + z : y : z) and dehomogenizing with
respect to the first coordinate), we obtain affine lines given by the linear forms

A 53:—1—4:i—3g 54:—1—835—1311 ~5:1—2£—5gj
’ ’ 4 ’ 4 ’ 2 '

Each line has an orientation, with the positive half-space given by the points (Z,7)
for which I(#,4) > 0. The lines divide the affine plane into regions, each of which has a
corresponding sign vector with i coordinate being + if I;(Z,7) > 0 for all (,7) in the
region, and — if l}(:z:,g) < 0. The Grasstope of Z consists exactly of those points in the
regions for which var(u) > 2, as can be seen in Figure 2.1. o
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Figure 2.1: Affine chart in which the tame Grasstope is bounded. The six lines corresponding
to the rows of Z are colored red, orange, yellow, green, and blue, in order, with orientations
given by arrows. The shaded portion of the figure is the Grasstope, which consists exactly
of the regions with at least two sign changes.

Example 2.3.2 (A wild Grasstope). Let

220 —-110
Z=12 3 1 0 20
220 0 21
This example was found by Galashin and communicated to us by Lam | |. We claim

that Z gives a wild Grasstope. To see this, suppose there exists a 3 x 2 matrix M such that
the 6 x 2 matrix Z7 M has positive 2 x 2 minors. The 2 x 2 minors of Z7 M are the 15 entries
of /\Q(ZTM) = /\Q(ZT) No (M)

2 2 2 23121 -1-2000 0 0] [po
—lo 0 0 22022 0 —2220 —1 1| |psl,
2 2 200002 2 0 231 0 2| |ps

where p12, p13, P2 are the minors of M. Then, column 4 of (A2Z) tells us that pis + p13 > 0
but column 10 tells us that p;s + p13 < 0, so no such matrix M can exist.
The six columns of Z correspond to the six linear forms

Iy =2x — 2y + 2z, ly =2z — 3y + 2z, l3=—y
ly = —2z, ls =2x — 2y + z, lg = .
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Mapping (z : y : z) — (z+y : y : z) and dehomogenizing with respect to the first coordinate,
we obtain affine lines given by the linear polynomials

L =2 —4% + 2, Iy = 2§ — 5T + 2, I3 =—7,

Iy = —74, Is = § — 43 + 2, lo=—%+1.

We draw these in the affine plane and color them (in order) red, orange, yellow, green, blue,
and purple. We also give the lines orientations with the positive half-space given by the
points (Z,7) for which I(Z, ) > 0. Then the Grasstope of Z consists exactly of those points
in the regions between the lines for which var(u) > 2, as can be seen in Figure 2.2.

6 5
<l H—t— "
A

+——t++

N -1
et e — 7

et

/ " —e

——t—+

Figure 2.2: The six lines corresponding to the columns of Z are pictured as described, with
orientations given by the arrows. The regions can then be labelled by sign patterns. The
shaded portion of the figure is the Grasstope, and it consists exactly of those regions with
at least two sign changes.

&

Example 2.3.3 (A rational Grasstope with closed boundary and Mébius strip topology).
Let

Note that (1,1,1,1,1,1) € ker(Z), so the map Z has base points on Gr>0(2,6). Following
Corollary 2.2.6 we can still describe its open Grasstope. As in the previous examples, we
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Figure 2.3: The six lines corresponding to the columns of Z are pictured as described, with
orientations given by the arrows. The regions can then be labelled by sign patterns. The

shaded portion of the figure is the Grasstope, and it consists exactly of thos
at least two sign changes. In this case, the shaded region is a Mobius strip.

find six dehomogenized linear forms corresponding to six affine lines
h=7, lp = —7, ly = =31 + 3,
lLi=7%—71, Is =% — 2, lo =27 — 1.

Then we can find the open rational Grasstope of Z as in Figure 2.3.

e regions with

We claim that the rational Grasstope of Z is the closure of the open rational Grasstope.
One can check this by directly finding Pliicker coordinates for some M € Grs((2,6) which
map to the points that lie on the boundary. For example, to find such M for any point of
the form (0,a) with a > 0, we solve Ao(ZT) Ay (M) = (1: 0 : a). Then Ay(M) must have
nonnegative entries which satisfy the Pliicker relations. This process is made easier if one
recalls that the Pliicker relations are trivially satisfied if all entries are zero except for ones

which correspond to pairwise overlapping submatrices, that is any two nonzer
from submatrices which share a column. In this case, since

0 minors come

100 -110 1 0 O -1 -1 0 01 0
No(Z)=10 3 0 0 03 -2 0 O 2 -1 0 01 0],
0oo3 0 03 0 -2 -3 2 0 —-131 =3
we find that the point (1:0: a) is given by Ag(M) =(0:0:a/3:0:1:0:0:0:0:0:0:
0:0:0:0). Since the only nonzero entries correspond to the minors po3 and pyy, the Pliicker
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relations are satisfied. Thus the portion of the boundary line x = 0 with y > 0 is part of
the rational Grasstope of Z. One can similarly check that all other parts of all six lines are
included. Therefore the rational Grasstope of Z is closed. Furthermore, topologically, as one
can see from Figure 2.3, it is a Mobius strip. o

We conclude this section by remarking that rational Grasstopes may not be simply con-
nected. Grasstopes where the map Z is well-defined will be simply connected; indeed, any
loop in Hy,,,(Z) can be lifted to a loop in the nonnegative Grassmannian, which is con-
tractible because the former is homeomorphic to an closed ball. However, the topological
space Grso(k,n) \ (Q(Z) N Grso(k,n)) may not be homemorphic to a closed ball | ].

For example, the map given by
10 -1
Z= {O 1 —1}

has as its base locus the point [1 : 1 : 1], which lies in P%,. Its complement in nonnega-
tive projective space is homeomorphic to S*. The following gives a concrete example of a
Grasstope with a non-contractible loop.

Example 2.3.4. Let Z be any 3 x 5 matrix with positive maximal minors, and multiply
columns 1,3 and 4 each by —1. By the sign characterization of Corollary 2.2.6, the comple-
ment of the Grasstope consists of the pink-shaded regions in Figure 2.4. o

+—++-

Figure 2.4: The (closed) pink-shaded regions form the complement of a rational Grasstope

2.4 Background on oriented matroids

Much of the material on hyperplane arrangements can be naturally generalized to oriented
matroids | ]. In this section, we review the basics of oriented matroid theory and
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recall a dictionary between hyperplane arrangements and oriented matroids. This will prove
useful in algorithmically counting the number of regions in a given Grasstope (see Section
2.5). We begin by discussing signed circuits, which we will often abbreviate as circuits if the
meaning is clear from context.

Definition 2.4.1 (Signed circuit axioms). An oriented matroid consists of a ground set &€
and a collection C of tuples of the form X = (X, X ) called circuits, where Xt , X~ are
disjoint subsets of £ satisfying

1. 0 is not a circuit.
2. If X is a circuit, then so is —X = (X, X™T).
3. No proper subset of a circuit is a circuit.

4. (Elimination). If Xy and X; are two signed circuits with X, # X; and e € X" N X,
then there is a third circuit X € C with X+ C (X U X{") \ {e} and X~ C (X; U

X7)\ A{e}
We can obtain the oriented matroid of a matrix as follows.

Definition 2.4.2 (Oriented matroid of a matrix). Fix a matrix A and let > . \v; be a
minimal linear dependency among its columns. Associate to this dependency the signed set
X = (X7, XT), where

XﬁI{Z)\Z<O}
X+:{Z)\,>0}

Then the oriented matroid M, associated to A has as its signed circuits the signed sets
coming from minimal linear dependencies.

One can check that oriented matroids of matrices satisfy the signed circuit axioms.

Example 2.4.3 (Matroid of a matrix A). Consider the matrix

100 2
A=1(01 0 -3
0 01 4

Then the only linear dependency up to scaling is vy —4wvs+3vy —v; = 0. Thus the only circuit
(when only one of X, —X is considered) is 2413, where we use a more compact notation in
which the bar indicates being in the negative part of the signed set. o

Remark 2.4.4. One can also define M, by signed bases; the matroid is the map which
assigns to each size k subset I C [n] the sign of the determinant of A;. This definition is
called the chirotope definition | , page 6] and satisfies the chirotope azioms, which we
do not describe here. In particular, the database [I'in] used in Section 2.5 indexes matroids
by chirotope.
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We recall a few definitions we will need to explain how a hyperplane arrangement can be
viewed as an oriented matroid.

Definition 2.4.5 (Composition). Let X = (X, X7) and Y = (Y, Y ") be signed sets.
Then their composition X oY is (XTU(YT\ X7), X" U(Y~\XT)).

Definition 2.4.6 (Orthogonality). Let X = (X, X7) and Y = (Y",Y ") be signed sets.
Define S(X,Y) = (XTNY " )U (X NY™T). Wesay X and Y are orthogonal if S(X,Y) and
S(X,-=Y) are both empty or both non-empty.

We define vectors as compositions of circuits, and cocircuits and covectors as the circuits

and vectors of the dual matroid | , page 4], respectively. An equivalent definition which
is easier for computing is that the covectors of M are the signed sets which are orthogonal to
all vectors of M. For more detail, see | , Chapter 1]. There is yet another definition

in the case of vector configurations.

Definition 2.4.7 (Oriented matroid of a vector configuration). One can also view the
columns v; of the matrix A as vectors in R*. For such a vector configuration, the covec-
tors can be defined as the set of tuples Y = (Y;,Y7;) as H runs over oriented hyperplanes,
where Y5 is the set of vectors in the positive halfspace defined by H, and Y, is the set of
vectors in the negative halfspace. The cocircuits are the minimal covectors. They arise from
hyperplanes that are spanned by subsets of {vy, ..., v, }.

Definition 2.4.8 (Oriented matroid of a hyperplane arrangement). Let H; be the hyperplane
given by the vanishing of /;(z) = a@;-2. Then the oriented matroid of the arrangement { H;}7_,
is the matroid of the vector configuration given by a4, ..., a,, or equivalently, the oriented
matroid of the matrix with columns aq, ..., a,.

Remark 2.4.9. Faces of a hyperplane arrangement correspond to covectors of its oriented
matroid. Regions correspond to maximal covectors. The rank (denoted by r) of the oriented
matroid is k + 1, where k is the dimension of the ambient space | , Chapter 1].

Example 2.4.10 (Matroid of a matrix A). As in Example 2.4.3, let A be the matrix

100 2
A=10 1 0 -3
0 01 4

The cocircuits are obtained considering hyperplanes H spanned by pairs of rows. For ex-
ample, if H = Span{a;,as} = {y = 0}, then as is in the positive halfspace (since the
y-coordinate is 1) and a4 is in the negative halfspace (since the y coordinate is —3). Thus
we obtain the cocircuit 24.

The total set of cocircuits (not including negations) is {24,34,23,14,31,12}. In the
previous sections we have used sign vector notation; that is, to each signed set we associate
a length n vector with 4 at index i if 7 is in X* and 0 otherwise. Applying this convention,
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one can check that the covectors are exactly the sign vectors with fewer than 3 sign changes.
For example, 24 o 31 = 2314, which corresponds to (— + +—). o

Definition 2.4.11. A matroid is realizable if it arises from a real hyperplane arrangement.

2.5 Oriented matroid Grasstopes

Given an (k + 1) x n matrix Z, one may ask questions about the topology of its m = 1
Grasstope. For instance, is it closed, connected, contractible? How many regions of the
hyperplane arrangement does it contain? For the m = 1 amplituhedron, the answer to the
first three questions is positive [ , Corollary 6.18]. The m = 1 amplituhedron contains
as few regions as possible for a simple hyperplane arrangement; that is, all sign vectors with
variation less than k appear as labels of regions in the arrangement [ , Proposition
6.14]. In this section, we investigate this question for more general m = 1 Grasstopes.

Definition 2.5.1. A region of a hyperplane arrangement is a connected component of the
complement of the union of hyperplanes in the arrangement.

Definition 2.5.2. Let A be an arrangement of n hyperplanes in A¥. Then A is called simple
if the intersection of any ¢ hyperplanes in A has codimension i in A* for all i < k, and is
empty for ¢ > k.

In | |, Zaslavsky gives the following formulae for the number of total regions ¢(.A)
and bounded regions b(.A) of a simple affine arrangement A of n hyperplanes in AF:

HA) =1 +n+ (Z) bt <Z)
bA) - (n;l)

The former count first appeared in work of Buck | |. Note that since intersections
of two hyperplanes in any projective arrangement P have codimension two in P* and there
are a finite number of them, we can always find some hyperplane avoiding them, and hence
an affine chart which contains all of them (see Figure 2.5). A projective arrangement P
naturally induces an affine arrangement A in this affine chart. We call P simple if this
corresponding affine arrangement is simple. If a region of P intersects the chosen hyperplane
at infinity, it induces two unbounded regions of A. Otherwise it induces a single bounded
region. Thus, the total number of regions in a simple arrangement P is

t(A) — b(A)
R

From here on we assume our arrangements are simple. We write §(k, n) for the number of
possible sign patterns of length n with sign variation less than & and ~(k, n) for the number

r(P) = b(A) + (2.4)
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Figure 2.5: An oriented hyperplane arrangement and its sign labels.

of sign patterns with variation greater or equal than k (we identify sign patterns o and —o).
Note that g(k,n) =14+ (n—1)+ (”;1) +...+ (";1), and y(k,n) = 2"~! — 8(k,n). Corollary
2.2.5 and Proposition 2.2.7 then give the lower bound r(P) — f(k,n) for the number of
regions in Gy 1 ,(Z), where P is the hyperplane arrangement defined by Z. An upper bound
is given by the minimum of v(k,n) and r(P).

The database [I'i1] contains a catalog of isomorphism classes of oriented matroids | ,
Section 6]. Each matroid is indexed by a vector of signs of its bases. Recall from the
previous section that any central arrangement produces an oriented matroid. Each projective
arrangement P C P* produces an oriented matroid: we take the cone over P to get a central
arrangement in A**!. Observe that an arrangement is simple if and only if the underlying
(non-oriented) matroid is uniform.

We iterate over all uniform oriented matroid isomorphism classes in this catalog for small
values of k and n. Note that, for all the values of & and n which we consider, all uniform
matroids are realizable | ], that is, arise from hyperplane arrangements. Within each
isomorphism class, we iterate over all possible reorderings of the ground set and reorienta-
tions. If the matroid is realizable, at the level of the matrix Z defining the arrangement as
described in Section 2.1, reorderings correspond to permuting the rows and reorientations to
negating certain rows. For each isomorphism class, ordering of the hyperplanes, and a choice
of orientation, we compute the number of regions in the corresponding Grasstope (that is,
the number of maximal covectors with sign variation greater or equal than k; see Remark
2.4.9). It turns out that for many values of k£ and n the minimal and maximal number of
regions in the Grasstope when iterating over reorderings and reorientations does not depend
on the oriented matroid isomorphism class. The minimal and maximal number of regions
in the Grasstope for these values of k£ and n are presented in Table 2.1. The Python code
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used to extract this data is available at https://mathrepo.mis.mpg.de/Grasstopes. We
therefore have a computational proof of the following statement.

Proposition 2.5.3. For each pair of values of k andn in Table 2.1 the minimal and maximal
possible number of regions in a Grasstope arising from a simple arrangement of n hyperplanes
in P* do not depend on the choice of arrangement.

Out of the entries in Table 2.1, note that for £ = 2 and the pairs (3,5) and (4,6), there
is only one (uniform) oriented matroid up to isomorphism [Iin]. For k = 2, this is because
any matrix may be turned into a totally positive matrix by permuting the rows. This can
be done by viewing rows as vectors in the plane and arranging them in counterclockwise
position.

k., n Minimal Maximal r(P) B(k,n) | v(k,n)
2,6 10 16 16 6 26
2,7 15 92 ) 7 57
3,9 4 5 15 11 )

3,6 10 16 26 16 16
4,6 D 6 31 26 6

4,7 15 22 o7 42 22

Table 2.1: Minimal and maximal possible number of regions in a Grasstope.

The pair (3,7) does not appear in Table 2.1. This is the first time we see variation
depending on which simple arrangement we choose, with the maximal number of regions
ranging from 38 to 42. The reorientations and reorderings of a totally positive matrix (i.e.
the amplituhedron case) give at most 42 regions, while all other oriented matroid classes
achieve fewer. We can see the maximal numbers of regions for other small £, n in Table 2.2.

Table 2.2: Maximal number of regions from reorienting and reordering a positive matrix.

k,n Maximal r(P) ~v(k,n)
3.7 42 42 12

3, 8 64 64 99
4,8 64 99 64

o, 8 29 120 29
2,9 37 37 247
3,9 93 93 219
4,9 163 163 163
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Example 2.5.4. Any totally positive 3 x 6 matrix with the second and fourth rows negated
yields a Grasstope which includes all 16 regions counted by Equation (2.4). The resulting
hyperplane arrangement is cyclic, with just two orientations flipped. See Figure 2.6 to see
all of the regions labelled with sign patterns.

+—+—++

+——++
+———+%

+b—tt F+—F+ T

——t—t++ T e A 2 / —t—t—+ ——t——

Figure 2.6: The Grasstope of a totally positive matrix with two columns negated. The six
lines are cyclically ordered with orientations indicated by arrows. Every region has at least
two sign changes, so the Grasstope is all of P2

O

Example 2.5.5. An example of a 3 x 6 matrix whose Grasstope has 16 regions is any
totally positive matrix with the 2nd and 4th rows swapped. For examples of totally positive
matrices, one can take the Vandermonde matrix

11 1 1 1 1
dy dy dy dy ds dg
di dy dy di d df

with 0 < d; < -+ < dp. o

Note that the lower bound r(P) — (k,n) for the number of regions in a Grasstope is
attained for all k& and n, by any tame m = 1 Grasstope whose arrangement is simple | ,
Proposition 6.14, Theorem 6.16]. In particular, it is attained by the m = 1 amplituhedron.
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The upper bound is also attained by reorientation class of the m = 1 amplituhedron for the
values in Tables 2.1 and 2.2. One interesting question to study is to determine whether this
holds in general, and to describe all oriented matroids achieving this upper bound.

Problem 2.5.6. For any oriented matroid M, Let f(M) be the maximum over the re-
orientations of M of #{covectors with sign variation greater than or equal to k}. Let M,
be the oriented matroid of a totally positive matrix. Is f(M,,s) equal to the minimum of

v(k,n) and r(P)?
Problem 2.5.7. Which oriented matroids achieve the upper bound in Problem 2.5.67

The dictionary between hyperplane arrangements and oriented matroids (Remark 2.4.9)
guides us to generalize the definition of an m = 1 Grasstope to oriented matroids that are
not necessarily realizable, such that the definitions agree when M = M.

Definition 2.5.8 (Grasstope of an oriented matroid). Let M be an oriented matroid of
rank 7, and < be a total order on the ground set £ of M. Then we define the Grasstope
G(M, <) to be the subset of covectors {v : var(v) > r — 1}, where r is the rank of M and
the variation is with respect to <.

Note that by Topological Representation Theorem | , Theorem 20], every oriented
matroid arises from a pseudohyperplane arrangement, with covectors labelling the cells of this
arrangement. In particular, the Grasstope G(M, <) can be identified with the union of cells
of a pseudohyperplane arrangement that satisfy the sign variation condition from Definition
2.5.8. Therefore, Grasstopes of oriented matroids are meaningful geometric objects, and
topological concepts such as connectedness and contractibility generalize naturally to them.
Studying their topological properties is an interesting topic for future research. Finally, we
use our code to analyze a non-realizable example, which does not attain the upper bound.

Example 2.5.9. Consider the non-realizable matroid FMR(8) of rank 4 on 8 elements,

whose signed cocircuits are given in | , Table 1]. Reorientations and reorderings give at
least 34 and at most 63 regions. Thus, unlike the amplituhedron, FMR(8) does not achieve
the upper bound of 64. o

To summarize, this chapter has showcased what is special about the m = 1 amplituhedron
as compared to other m = 1 Grasstopes. First of all, m = 1 amplituhedra are topologically
very nice; while they are homeomorphic to closed balls, more general Grasstopes need not
be. Fundamentally, this niceness comes from the fact that the base locus of a positive map
lies outside the positive Grassmannian. In this way we see how the positivity assumption
on Z interacts with the positive locus in the Grassmannian to affect the topology of the
projected semialgebraic set.

Moreover, we have shown that amplituhedra are extremal among m = 1 Grasstopes. It is
a classic theorem of McMullen that cyclic polytopes, the £ = 1 amplituhedra, maximize the
number of possible faces for a fixed number of vertices and dimension | ]. The results
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of Section 2.2 give us an analogue for m = 1 amplituhedra: they minimize the number of
bounded regions among m = 1 Grasstopes with n and k fixed. Again, this shows us what is
special about amplituhedra among Grasstopes.

Taking inspiration again from the case of polytopes, it is natural to ask when a Grasstope
is a positive geometry, as in Definition 1.2.3. In the case where a Grasstope is orientable and
simply connected, it is automatically a pseudo-positive geometry by | , Equation 3.1].
A pseudo-positive geometry is a pair (X, X>¢) satisfying axioms similar to those of a positive
geometry, but allowing X>( to be empty; see | , Section 2.2| for the precise definition.
However, Grasstopes are not always positive geometries. For example, the projective line
PL is a pseudo-positive geometry, but not a positive geometry. It is the Grasstope for, for

example, the matrix
1 -1 0
Z= {0 -1 11 '

In many cases, including that of m = 1 amplituhedra, the boundary is nonempty and we do
obtain positive geometries. This gives an interesting class of non-convex positive geometries.

Finally, the definition of Grasstopes of non-orientable matroids gives a fruitful avenue for
future work. Since the paper | | was published, Eur and Lam have developed a notion
of the canonical form of a tope of a matroid | ]. This generalizes the canonical form of
a region of a hyperplane arrangement, which is a polytope. It would be interesting to use
these forms to study m = 1 Grasstopes.
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Chapter 3

Exterior Cyclic Polytopes

This chapter is based on the paper Exterior Cyclic Polytopes and Convexity of Amplituhedra,
with Elia Mazzucchelli | . Tt is slightly abridged; it does not contain either of the
appendices, and some material in Section 6 is removed.

The work in this chapter is motivated by the following observation: the nonnegative
Grassmannian Grso(k,n) is equal to the intersection of Gr(k,n) with the standard simplex
in the ambient projective space. In this chapter we study whether more general amplituhedra
may be described as the intersection of the Grassmannian with a convex polytope. With
this motivation, we define the exterior cyclic polytope Cj mn(Z) as the projection of the
standard simplex in PY = P(A" R") under the linear map AFZ : P(A*R?) --» P(\"RF™).
The case k = 1 recovers the cyclic polytope. Our main result is that the following holds for
k=m=2.

Theorem 3.5.7. We have that
Az0,(Z) = Gr(2,4) N Copn(2), (3.1)
for every real 4 X n matrix Z with positive maximal minors.

More generally, we define a connected set in the Grassmannian to be extendably convex
if it is the intersection of the Grassmannian with a convex body in the ambient Pliicker
space. This notion of convexity was first considered by Busemann | |. We show that
the amplituhedron As» ,(Z) is extendably convex for every positive 4 X n matrix Z.

Furthermore, we uncover a relationship between the dual of the exterior cyclic polytope
and the twist 7(Z) of the matrix Z. The twist map 7 has been studied extensively by both
mathematicians | ; ; | and physicists | | in relation to parity duality.
In the special case k = 2 and m = 2, the physical interpretation of the twist map is that it
exchanges the maximal-helicity-violating (MHV) sector of the one-loop amplitude with its
parity conjugate (MHV).

Theorem 3.4.10. We have that
Coon(Z) = Conn(W)*, (3.2)
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where W = 7(Z) is the twist map applied to Z, according to Definition 3.1.3.

Here the polytope @;mn(Z ) is obtained from the exterior cyclic polytope C mn(Z) by
keeping only those facet inequalities such that the supporting hyperplane is a Schubert
divisor when restricted to Gr(k, k+m). We call these Schubert facets. We prove Proposition
3.4.10 by studying the linear matroid of AF¥Z. For the case k = 2, this is equal to the
dual of the hyperconnectivity matroid, which was introduced by Kalai in [ ] to study
highly connected graphs and has been studied more recently in the context of graph rigidity
[ ; ]. We characterize Schubert facets for k = m = 2.

> 2
planes given by the vanishing of (Yij) for 1 < i < j < n, where ij := (i — lit + 1) N

(j —1jj +1). Furthermore, these Schubert facets intersect transversally in Gr(2,4) for every
Z 6 Mat>0(4, TL)

Theorem 3.4.5. The Schubert facets of the polytope Cs2,(Z) are exactly the (5) hyper-

The connection between the amplituhedron and physics arises in the context of positive
geometries | |. The conjecture | | is that the (tree) amplituhedron Ay 4,(2) is a
positive geometry and that its canonical form computes the tree-level scattering amplitude.
The case k = m = 2, while seemingly specific, is the only case in which this conjecture
has been proven | |. It coincides with the one-loop amplituhedron for & = 0 and
m=4] , Section 6.4].

Our motivation for studying convexity and duality comes from this context of positive
geometries. In many cases of physical significance the canonical function of the positive
geometry has a representation as an integral over a “dual” geometry with respect to a
nonnegative measure. In the prototypical example of a polytope in projective space, the
canonical function can be expressed as the Laplace transform of the characteristic function
on the dual polytope | , Section 7.4.2]. The existence of such a representation relies
on the convexity of the polytope. The long-standing hope, going back to Hodges | ], is
that such a description also exists for the canonical form of the amplituhedron. This would
imply that amplitudes in A” = 4 super Yang-Mills are volumes of certain geometric objects.
Such an integral representation could also potentially imply that amplitudes possess a strong
analytic property called complete monotonicity, which has been observed to hold for many
functions appearing in quantum field theories [ |. In Section 3.6 we give a candidate for
the underlying semialgebraic set of the dual amplituhedron. This is related to the dual of
the exterior cyclic polytope, and we describe it in the case of k = m = 2.

Corollary 3.6.6. The extendable dual amplituhedron for & = m = 2 in twistor space is
equal to the twisted amplituhedron, which has a semialgebraic description as in eq. (3.46).

The outline of the chapter is as follows. In Section 3.1 we review twistor notation, which
we use to represent linear spaces in projective space as elements in the (projective) exterior
algebra. We also recall the definition of the twist map on matrices with positive maximal
minors, first introduced in the context of cluster algebras in | |. In Section 3.2, we
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extend Busemann’s definition in | ] to any semialgebraic set in a real embedded real
projective variety. That is, we call a set in such a variety extendably convez if it is equal to
the intersection of the variety with a convex body in the ambient projective space. We then
present a technical lemma, related to the intersection of a polytope with a real embedded
projective variety, which we use in the convexity proof in Section 3.5.

In Section 3.3 we define exterior cyclic polytopes and explore their combinatorial proper-
ties. In Section 3.4 we study a special class of their facets cut out by Schubert hyperplanes,
which will be useful in Section 3.6. In Section 3.5 we connect exterior cyclic polytopes to
amplituhedra. Concretely, we prove that the amplituhedron for £ = m = 2 is equal to the
intersection of the exterior cyclic polytope with the Grassmannian. Finally, in Section 3.6
we define a notion of duality for semialgebraic sets in the Grassmannian, and explore its
concrete incarnation for the amplituhedron at £ = m = 2.

3.1 Preliminaries on the twist map

From now on, we work over R. Let PV be the real projective space of dimension N and let
Gr(k,n) be the real Grassmannian of k-dimensional linear subspaces of R™. Let Z be a real
(k 4+ m) x n matrix with positive maximal minors, where n > k + m. We identify the i-th
column of Z with a point in P**™~1 which we denote by Z; or simply by the index i. We use
(i1 -+ iy) to denote the (r — 1)-dimensional linear space in P**™~1 spanned by the points
i1, -+, &y with 1 <r < k+m. Then (i1 --- i,) may be viewed as an element of Gr(r, k+m),
corresponding to Z;, A -+ A Z; via the Pliicker embedding into P(A" R**™). Thus we can
represent the (geometric) intersection of subspaces in P**™~! by an element in the exterior
algebra P(A\R¥*™~1). That is, setting t := N —r — s > 1 we have that

(i) O d) = Y (LI %) T

(3.3)
_ Z e(J, JO) (iy ... iy, JE) J.
Je({ﬂl vvvvv JS})
Here I¢:= {iy,...,i-} \ [ and (a; ... arm) denotes the corresponding maximal minor of Z.

The symbol e(I, I¢) = £1 is equal to the sign of the permutation (I, I¢) in one-line notation,
where the elements of I, [¢ are listed in increasing order.

More generally, in the following we use angle brackets to denote the determinant of
matrices obtained by stacking together the arguments in the brackets. We also used the
shorthand notation I = (i, - i,,) if I is equal to {ay,...,a;} € ({“";’”}), and similarly for
J. In the special case where r + s = N, we have that

This vanishes if and only if the subspaces (i1 - - 4,) and (j; - - js) intersect non-trivially.
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Example 3.1.1. Let £+ m = 4. In P3, a plane (i17973) intersects a line (jij2) in a single
point whenever |{i1, 2,43} N {j1, 72} < 1, since Z has nonzero maximal minors. This point
is given by

(i1i213) O (Jujz2) = i1 (inisjrja) — i2 (irisj1ja) + i3 (i1i21]2)

L . 3.5
= J1(iri2izf2) — Ja(iriaiafn) - (35)
Similarly, two distinct planes (i1i9i3) and (j1j2j3) intersect in the line
(iniziz) N (Jrjads) = (iriz) (isjijads) — (i123) (izjrjada) + (dais) (i1j17273) (3.6)
= (Juj2) (irizizga) — (J1js) (iriaizga) + (Jajs) (irizizgn) - '
o

We now move to the definition of the twist map on matrices. We denote by Mato(k +
m,n) the space of matrices with positive maximal minors, where we assume that n > k+m.
We call an element in Matso(k + m,n) a positive matriz. Let Z be in Mat~o(k + m,n) and
denote by Z; € R¥*™ the i-th column of Z. We use the twisted cyclic ordering on the index
set [n] := {1,...,n}, for which Z,; = (=1)*"' Z;. We identify A"t " RF*™ with R¥*™ via
the standard inner product. Consider then the vector in R¥*™ defined by

Wii=Zimit N Zicmia N NZi NN Zigwr, i€ n]. (3.7)

Geometrically, we may think of W; as the normal to the hyperplane in R¥*™ spanned by
the vectors Z; 11, ..., Zitk—1-

Example 3.1.2. Let kK = m = 2. Then the vector W; € P2 is normal to the plane i :=
(¢ — lit + 1), where the indices are taken modulo the twisted cyclic action described above.
Moreover,

2
iji=inj=W;AW; € P(/\R"). (3.8)

According to the twistor notation, we identify 75 with the line in P? given by the intersection
of the two planes i and j. The lines (3.8) will be relevant when discussing the exterior cyclic
polytope. o

Definition 3.1.3 (Twist map). We now define the twist map as

7 : Mat-o(k +m,n) — Mat(k + m,n),

Z— W,
where W is the matrix with columns Wy, ..., W, as in (3.7).
The twist map for Grassmannians was first defined by Marsh and Scott | ]. An
early incarnation appears in Berenstein, Fomin, and Zelevinsky | |, in the context of

parameterizations of totally positive unipotent matrices. Up to sign changes and a cyclic
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shift, the twist map in Definition 3.1.3 coincides with the right twist as defined by Muller

and Speyer | ], but we will follow the convention of | , Definition 4.1]. Muller and
Speyer also define a left twist and show that the right and left twists are mutual inverse
diffeomorphisms of Mat~o(k + m,n); see | , Theorem 6.7, Corollary 6.8]. In particular,

T maps a positive matrix to a positive matrix.
For m = 4 the twist map is related to the notion of parity duality in physics | ],
which has been generalized purely at the level of the amplituhedron for any m | ].

3.2 Convexity and intersections with polytopes

The goal of this section is to define a notion of convexity for semialgebraic sets in real em-
bedded projective varieties, and in particular for semialgebraic subsets of the Grassmannian.
The following definition of semialgebraic set is used in [ |, where positive geometries
were first defined. In Chapter 4 we will generalize the definition to semialgebraic sets in
arbitrary real schemes, but for now we will not need this level of generality.

Definition 3.2.1 (Semialgebraic set). A basic semialgebraic cone S in RN *! is a subset
defined by homogeneous equations and inequalities. A semialgebraic cone is a finite boolean
combination of basic semialgebraic cones. A semialgebraic set in real projective space PV is
the image of a semialgebraic cone under 7 : RV \ {0} — P¥. Semialgebraic subsets of a
projective variety X are semialgebraic subsets of the ambient projective space lying in X.

We will study convexity in the projective setting. We call a subset S C PV conver if it
is of the form P(C) for some convex set C' C R¥*! i.e. the image of C' under the projection
map RV ™1\ {0} — PV, x — [z]. The notion of convex hull of a connected set is independent
on the choice of affine chart on projective space, or equivalently on the choice of a hyperplane
H at infinity, provided that H is disjoint from S, see | , Lemma 2.2].

Definition 3.2.2. Let S C PV be a semialgebraic set.
1. The set S is very compact if there is a real hyperplane H C PV such that H NS = 0.
2. If S is connected and very compact, then the convex hull of S is
conv(S) = ¢y (conv(i;'(S)) € PV, (3.9)

where 17 : RY 2 PN\ H — P is the affine chart associated to H.

3.2.1 Extendable convexity

We now introduce a notion of convexity for semialgebraic sets in a real embedded projective
variety X C PV, arising from convexity in the ambient projective space. The main case of
interest to us is when X = Gr(k,n) in its Pliicker embedding. This was first considered by
Busemann in | .
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Definition 3.2.3. Let X C PV be a real variety and let S C X be a connected, semialge-
braic, and very compact set. We define the convez hull of S in X to be

convy(S) := X Nconv(S). (3.10)
We say that S is extendably convex if S = convy(S5).

By the Tarski-Seidenberg Principle, taking convex hulls preserves semialgebraicity |
Section 1.4]. Therefore, convx(S) is a semialgebraic set in X. Note that S is extendably
convex in X if and only if it is equal to the intersection of X with a convex set in PV.

Because this notion of convexity is inherited from that in projective space, we immediately
obtain the following properties, which hold for the convex hull of cones in real vector spaces.

Proposition 3.2.4. Let X C PV be a real variety and let S, T C X be connected, semialge-
braic, and very compact sets. The following properties hold.

1. Monotonicity: S C T = convx(S) C convx(T).
2. Idempotence: convx(convy(S)) = convx(S).

3. Antiexchange: If S is extendably convex, x,y ¢ S, x # y and x € convx(S U {y}),
then y ¢ convx (S U{z}).

If the variety X is invariant under the action of a subgroup of PGL(N + 1), the auto-
morphism group of PV, then we obtain an additional equivariance property for the convex
hull in X. This is the case for the Grassmannian Gr(k,n), which is a symmetric space given
by a quotient of GL(n). In this case, GL(n) acts on PN = P(A\*R") with N = () — 1 via
the exterior product of linear maps.

Proposition 3.2.5. Let X = Gr(k,n) and S C X be a connected, semialgebraic, and very
compact set. Then, the extendably conver hull is GL(n)-equivariant, namely

Vo e GL(n) : convx(c(S)) = o(convy(5)).

Proof. We combine PGL(N)-equivariance of the convex hull in projective space, where N =
(7) — 1, with the fact that Gr(k,n) is stable under the action of GL(n):

o(convy(S)) = o(conv(S) N Gr(k,n)) = o(convx(S)) No(Gr(k,n))
= conv(c(S)) N Gr(k,n) = convy(o(9)).

Given a subset S C PV, we denote the interior by int(S), the closure by cl(S) and
the boundary of S by 05, where the boundary is with respect to the Euclidean (quotient)
topology on PV. Similarly, if S C X for some subvariety X C PV, we denote the interior by
intx (), the closure by clx(S) and the boundary by dx.S. All of this is relative to X, i.e.
with respect to the subspace topology on X. It is a standard exercise in topology to show
that clx(5) = X Ncl(S) and intx(S) = int((X N.S) U X°).
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Definition 3.2.6. Let S C X be a semialgebraic set in a real projective variety X. The
algebraic boundary 9,5 of S is the Zariski closure of 0xS in X.

We first want to establish when the algebraic boundary of a semialgebraic set in a real
projective variety is pure of codimension one. Throughout the following, let X C PV be an
irreducible real projective variety. We start from a purely topological definition.

Definition 3.2.7. A subset S C X is called reqular in X if it is contained in the closure in
X of its relative interior in X. In formulas,

S C clx(intx(9)). (3.11)
We define the irreqular points of S to be

clx(intx(9))\ S, (3.12)
so that S is regular in X if and only if the set of its irregular points is empty.

For example, if S C X is open in X, or if it is equal to the closure in X of an open set
in X, then S is regular in X.

Remark 3.2.8. Suppose that X C PV is non-degenerate, that is, that X is not contained in
any projective space of dimension smaller than N. Then, any subset S C X with non-empty
interior affinely spans PV, and in particular conv(S) C PV is full-dimensional.

Example 3.2.9. In projective space, each convex semialgebraic set S with non-empty inte-
rior is regular, and so is its complement | , Remark 2.4]. This does not hold in general
for extendably convex sets in real projective varieties. As an example, we work in an affine
chart of P? and take X = V(2? + 3* + 22 — 1) C R3 to be the sphere of unit radius, and S
to be the convex hull in R? of the union of the closed upper hemisphere of X with a great
arc segment in the lower hemisphere,

S=conv(X N{(x,y,2): 2 >0} U{X N V(y,2)}). (3.13)

Then, S is convex, and therefore X NS is convex in X. However, X N.S is not regular in X,
as the closure of the interior does not contain the arc segment. On the other hand, since S
is closed in X, the complement X \ S is open and hence regular in X. o

The following is an extension of | , Lemma 2.5]. The same proof can be applied to
this setting since the argument is purely local.

Lemma 3.2.10. Let ) # S C X be a semialgebraic set, reqular in X , and suppose that X \ S
1s non-empty and reqular in X. Then each irreducible component of the algebraic boundary
of S has codimension one in X, i.e. 0,5 is a hypersurface in X.
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3.2.2 Intersections with convex polytopes

In this section we give a criterion for when a semialgebraic set S in a real projective variety
X is equal to the intersection of X with a convex set P in the ambient projective space.
Our main case of interest is when X is the Grassmannian and P is a projective polytope.
The results presented here will be crucial in proving Theorem 3.5.7. We start with some
elementary results from topology.

Lemma 3.2.11. Let X be a topological space and U,V C X open subsets such that U is
connected, ) #V C U and OV C OU. Then V = U.

Proof. Since U is open, U N OU = (), and therefore by assumption also U N9V = (). Then
U=Vu@U\V)UUnoV)=VUuU(U\V). (3.14)
Since U is connected and V is nonempty, it follows that U \ V = (. Hence U = V.. O

Let us now refine this result for our setting of interest.

Lemma 3.2.12 (Intersection with polytope). Let S be a reqular closed semialgebraic set
in a real irreducible smooth non-degenerate projective variety X C PN. Let P be a full-
dimensional projective convex polytope in PN . Assume that the following conditions hold,
where all inclusions are in PN :

1. X NP is reqular in X,
2. X Nint(P) is connected,
3. 0 # intx(S) C int(P),
4. 0,8 C O, P.

Then
S=XNP, and 0xS=XNOP. (3.15)

In particular, S s extendably conver.

Proof. We first show that Ox (X N P) = X NIP. It is a simple exercise to show that dx (X N
P) C X NOP, so it suffices to show the reverse inclusion. We argue by contradiction. Let p
be a point in X N JP, and suppose that p is not in dx(X N P). Then p is in the interior of
X NP, and X NOP has the subspace topology in X N P, so there is an open neighborhood of
p in X contained in X N @P. Since X is irreducible, it is equal to the Zariski closure of any
of its open subsets. Thus X must be contained in 0, P. Since P is a polytope, d, P is a union
of hyperplanes in PV. But X is non-degenerate, so it cannot be contained in a hyperplane.

We now prove the inclusion 0xS C 0P. This follows from 9,P N P = 0P, as P is
a projective convex polytope. In fact, by assumption 3 and the fact that S is regular we
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have that 0xS = Oxintx(S) C P. On the other hand, by assumption 4 we have that
0xS C 0,5 C 9,P, and intersecting with P we obtain that 0xS C 9,P NP = 0P.

We now prove the result. Let V' = intx(S) and U = int(X N P), which are open subsets
of X. Since S is regular in X, 0xS = 0xV. Similarly, by assumption 1 it follows that
Ox(X N P) = dxU. Then, by assumption 3 we have that 0V € X N 9P = dxU C 9U.
Therefore, we can apply Lemma 3.2.11 to deduce that U = V. In particular, OU = 9V
Moreover, by the fact that S is regular, together with assumption 1, we deduce that S =
cx(V)=clx(U)=XnNP. ]

We now characterize a subset of the potentially irregular points in the intersection of a
projective variety with a polytope. This will be useful later when checking the assumptions
of Lemma 3.2.12.

Lemma 3.2.13. Let X C PV be a real projective variety of codimension r and let P C PV
be a full-dimensional projective convez polytope in PV such that X Nint(P) # (. Let F C OP
be a face of P of dimension greater or equal than r. Then, the irreqular points of X N P in
the relative interior of F in X are contained in the singular locus of X N F, i.e.

(clx(intx (X N P))\ (X N P))Nrelintx(F) C Sing(X N F) Nrelintx (F), (3.16)
where F denotes the Zariski closure of F in PN and relintx (F) := int#(X N F).

Proof. Let p € X Nrelintx(F). Note that p is regular in X N F' if and only if X and
F' intersect transversally at p. By the assumption on dimensions, this is equivalent to
dim(7T,F) + dim(7,X) = N. In turn, since p € relinty(F) and by dimension reasons,
this is equivalent to any small open ball in X around p intersecting int(P), i.e. to p being
regular. [

This criterion is particularly useful if X is a hypersurface, and if one understands the
singular locus of the intersection of X with each face of P. This is the case in Section 3.5.

3.3 Exterior cyclic polytopes

We introduce the exterior cyclic polytope associated to a totally positive matrix. These poly-
topes are of independent interest for combinatorics, beyond applications to amplituhedra.
We study the facet structure, f-vector, and dependence on the input matrix.

Definition 3.3.1. Fix Z € Mato(k + m,n) with n > k + m. We define the k-th ezterior
cyclic cone of type (m,n) as

k
Crmm(Z) =conv ({Ziy A+ N Zi, 1 1<y <+ <ip<n})C [\RF™, (3.17)

We define the k-th exterior cyclic cone of type (m,n) as Ckpmn(Z) := Pak,m,n(Z).
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We use the indexing k + m because the exterior polytope is empty for m < 0, and also
to match the amplituhedron convention. We note the following.

Lemma 3.3.2. The polytope C mn(Z) is the image in P(/\k RE+™) of the standard simplex
in P(AN"R™) under the linear map N\ Z.

In particular, Cy ,,(Z) is a projective polytope. It is obtained by projectivizing the
convex hull of the vectors

(i1...ig) = Zi, Ao+ A Z; 1<iy<---<ip<n. (3.18)

k)
Each such vertex is the projection of e := ¢e;; A... Ae;,. The facets of the exterior cyclic
polytope are certain hyperplanes in /\k RE*+™ spanned by a subset of the vertices. They are
certain flats of rank (k+m) — 1 in the linear matroid of the matrix A*Z. These sub-maximal

k
flats are called hyperplanes of the matroid. It will often be convenient to study this matroid.

Definition 3.3.3. The wedge power matroid Wi, ,,, is the linear matroid of NFZ for Z a
generic (k 4+ m) x n matrix.

Example 3.3.4. The columns of A¥Z will have dependencies. For example, let 7y, ..., Zg
be the columns of a 4 x 6 matrix. Then we may write Z; = aZy + bZ3 + c¢Z4 + dZs for
some scalars a, b, ¢, d. Taking wedge product with Z; on both sides produces a linear relation
between the columns Zy A Zy, Zy N Zs, Z1 A\ Zy, and Zy A\ Zs of N2Z. o

We note that starting from m = 2, the linear matroid of A*Z depends not only on the
matroid of Z but also on the matrix Z itself, as we will see in Subsection 3.3.3. However,
the matroid of A*Z is still constant for a generic choice of Z; indeed, the vanishing of minors
of A*Z defines a Zariski closed subset of the set of (k + m) x n matrices. Thus Definition
3.3.3 makes sense.

We will see in Subsection 3.3.3 that the combinatorial type of Ck ,,,.n(Z) varies as Z varies
over totally positive matrices. However, we may still prove some independence of Z.

Lemma 3.3.5. The oriented matroid of A*Z, and thus the combinatorial type of the exterior
cyclic polytope, depends only on the image of Z in Grso(k + m,n).

Proof. The oriented matroid of A*Z is given by the sign of the maximal minors of A¥Z. Each
such minor is a polynomial in the matrix entries of Z. We claim each such polynomial is
invariant under the SL(k 4+ m) action on Z. Indeed, any matrix A € SL(k + m) induces an
endomorphism AFA of /\k RE+™ by acting on each tensor factor. The determinant of A*A is a

power of det A, so for any (k:m) X (kzm) submatrix W, we have det(A*A- W) = det(W). O

The relationship between the oriented matroid of a set of points and the convex hull of said
points is described in | , Remark 3.7.3]. Oriented matroids have many cryptomorphic
axiomatizations, including one in terms of covectors given in Section 2.4. As a reminder,
the covectors of the oriented matroid coming from a point configuration are signed sets
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Y = (Y*,Y ") such that there exists a hyperplane H with Y =Y NH" and Y- =Y NH".
Thus a facet of the convex hull of these points is exactly the span of a set of points YV
such that the signed set (Y, @) is a covector. This shows that the oriented matroid of A*Z
determines the combinatorial type of the exterior cyclic polytope Cy pmn(Z).

3.3.1 The case m =0

Here AFZ is a 1 x (Z) matrix whose entries are the maximal minors of Z. For a general
matrix, these minors are nonzero; thus the matroid Wy, (2) is equal to the uniform matroid
U(l, (Z)) The exterior cyclic polytope in this case is equal to the single point PV.

3.3.2 The case m =1

The case m = 1 is already interesting. In this case, the exterior cyclic polytope lives in
P(A"RFH1) = (P*)V. The columns of Z yield a configuration of points in RF*! or in P*.

Definition 3.3.6. Let M be a point configuration in R*. The discriminantal arrangement
of M is the hyperplane arrangement consisting of all hyperplanes spanned by points in M.

Proposition 3.3.7. The matroid Wy, 1 ,, is the linear matroid of the discriminantal arrange-
ment of n general points in RFFL.

Proof. Each column Z; = Z;, A... A Z;, in the (k+ 1) x n matrix AFZ is the normal vector
to a hyperplane in R¥*! passing through k of the n points. The matroid of a hyperplane
arrangement is exactly defined as the linear matroid of the normal vectors. O]

=

7

Figure 3.1: The discriminantal arrangement of five general points in P?

For example, the matroid W 1 x+2 is the graphic matroid of the complete graph Kj .
Equivalently, it is the discriminantal arrangement of k + 2 general points in R¥*!. This
hyperplane arrangement is combinatorially equivalent to the braid arrangement.
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For m = 1, the exterior cyclic polytope Cy 1, C (P¥)V is a k-simplex. The amplituhedron,
as we have seen in the previous chapter, has the following concrete description: it is the union
of bounded regions of the hyperplane arrangement whose normals are the columns of A¥Z
[ |. For k = 3 and n = 5 the exterior cyclic polytope and the amplituhedron live in
dual projective space (P?)V and are depicted in Figure 3.2. Notice that projective duality
exchanges the five points in Figure 3.1 with the five lines in Figure 3.2.

2 1 2 1

ot
ot

Figure 3.2: Amplituhedron (left) and exterior cyclic polytope (right) in (P?)Y for
k=3 m=1n=0>.

3.3.3 Thecase m=k=2and n=6

We present an extended example. Fix real numbers a < b < ¢ < d < e < f. This gives a
positive matrix

1 1.1 1 1 1
a b ¢ d e
Z = a2 b2 2 &2 e? J{Q (3'19)
ad B A B e f3

The convex hull of the columns of Z is the cyclic polytope Cy ¢, which is the convex hull of the
union of two triangles meeting in a unique point in the interiors. Its f-vector is (6, 15,18,9).
Then A%Z is given by the 6 x 15 matrix whose entries are the 2 x 2 minors of Z:

a—>b a—c a—d a—e d—f e—f
a2_62 a2—62 a?_dQ a2_€2 d2_f2 62—f2
a3—b3 a3_03 a3_d3 a3—€3 dS_fS 63—f3
a’b —ab?®  a*c—ac® a*d—ad® a’e—ae® - dPf —df? e*f —ef?
a’b —ab® aPc—ac® aP*d—ad® aPe—ae® - Bf—dfP e3f —ef?
B —a?h 3R — a2 B — P e — a2ed - BfE—d2f3 B3

The (cone over the) exterior cyclic polytope is the convex hull of the columns of A%2Z in
A’ R We identify A2Z with the matrix that is obtained by dividing the columns by their
common factors, a—b,a—c,a—d,a—e,...,d— f,e— f. The resulting matrix has (156) = 5005
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maximal minors, each of which is a homogeneous polynomial of degree 12. Of these minors,
1660 are zero and the other 3345 are nonzero. These bases come in 12 symmetry classes. We
identify the ground set ([g]) with edges of a complete graph on 6 vertices, and depict these
bases in Figure 3.3. In all classes but one, the sign of the minor is fixed by the ordering of

Figure 3.3: Bases of W5 26

a,b,c,d,e, f. The only exception is the cycle:

[16,12,23,34,45,56] = (a—c)(a—d)(a—e)(b—d)(b—e)(b—f)(d—f)(c — e)(c — f)
- (abd — abe — acd + acf + ade — adf + bee — bef — bde + bef + cdf — cef) .

Here the minor has a cubic factor with 12 terms which can have any sign. For instance,
fix (a,b,c,d,e) = (1,3,4,7,8). Then the cubic seen above is positive for f > 47/5, zero for
f = 47/5, and negative for f < 47/5. This shows that both the matroid and the oriented
matroid of A?Z may change as Z varies over positive matrices.

The combinatorics of Cy ,,,(Z) also changes. For f =9, our 5-dimensional polytope has
f-vector (15,75,143,111,30). Among the 30 facets, there are 18 simplices and six double
pyramids over the pentagons, like {12, 13,14, 15,16,23,56}. The 18 simplex facets include

{12,23,34,45,56}, {12,23,34,56,16}, {12,16,34,45,56} .
For f = 47/5, these three simplices lie in a hyperplane, and they are replaced by one facet
{12,23,34,45,56,16} ,
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which is a cyclic polytope Cy6. And, for f > 47/5, this is replaced by three other simplex
facets:
{12,16,23,34,45}, {12,16,23,45,56} {16,23,34,45,56} .

The f-vector is the same for f < 47/5 and f > 47/5.

3.3.4 The case m=k =2

When k = 2, the ground set of the matroid W5 ,,, may be identified with the edges of a
complete graph on n labeled vertices. This matroid has been studied in the contexts of graph
connectivity, graph rigidity, and algebraic statistics | ; ]. In particular, setting
d = n —m — 2, the matroid of A2Z is equal to the dual of the hyperconnectivity matroid
Ha(n) by | , Theorem 1.1]. This matroid was introduced by Kalai to understand
highly connected graphs | |, and has rank dn — (dﬂ) by Property 1 of | ]. Thus

2
the rank of its dual is indeed (Z) —dn + (d;rl) = (”;d) = (kgm) The hyperconnectivity
matroid Hy(n) is also equal to the algebraic matroid of n x n skew-symmetric matrices of
rank at most d | , Proposition 3.1]. A characterization of the graphs which represent
independent sets in Hy(n) is known only for d = 2 | ].

To simplify combinatorial analyses in the hyperconnectivity matroid, we introduce the

operations of cutting and gluing on graphs.
Definition 3.3.8 (Cutting and gluing). Let G be a simple undirected graph on n vertices.

1. Let e = uv be an edge in G. The Cut(G, e, v) is the graph on n + 1 vertices obtained
by introducing a new vertex v’ and replacing uv with uv’.

2. Let u and v be vertices of G with distance at least three. Then Glue(G,u,v) is the
graph on n — 1 vertices obtained by identifying v and v in the list of edges.

The distance condition for gluing guarantees that the new graph will be simple. Both op-
erations preserve the number of edges. Furthermore, they are inverses: indeed,
Glue(Cut(G, e, v),v,v") = G. We observe the following additional property.

Lemma 3.3.9. Let G be a simple undirected graph on n vertices.

1. If G is an independent set in Wa,, , then any cutting of G is an independent set in
W2,m,n+1-

2. If G is a dependent set in Wa,, n, then any gluing of G is a dependent set in Wo 1.

For example, all circuits in Ws2, may be obtained by gluings of the three circuits in
Figure 3.4. Lemma 3.3.9 allows us to display the circuit data for all n in a compact form.

The f-vector of the exterior cyclic polytope is given in Table 3.1 for k = m = 2 and n
small. We checked computationally with many positive Z by taking a random Vandermonde
matrix, computing its LU decomposition, normalizing U, and setting Z = U” DL where D
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Figure 3.4: Circuits in W4, up to gluing

is the diagonal of the first £ x k minor of U. Beginning with n = 7, Vandermonde matrices
themselves (before reversing the LU decomposition) do not give a random enough sample;
all exterior cyclic polytopes of Vandermonde matrices which we computed have 72 facets for
n = 7, rather than the general facet count of 82. The data in Table 3.1 should be regarded
as a conjecture that, though the combinatorial type changes as Z varies, the f-vector is
constant.

n=95: 10 35 95 40 12
n=6: 15 75 143 111 30
n=7: 21 147 328 282 82
n=38 : 28 266 664 616 192
n=9 : 36 450 1217 1191 390

—_ = e

Table 3.1: The f-vectors for n =5 through n =9

The rest of this subsection will be dedicated to the proof of the following theorem. Let
Sy, act on the matrix Z by permuting the columns.

Theorem 3.3.10. The matroid of N*Z for Z € Mat~q(4,n) is equal to the wedge power
matroid Wy s, outside of the closed locus where the polynomial det[Z1y Zas Zsy Zas Zse Zie)
or one of its permutations is zero.

In particular, this shows that the combinatorial type of Cy5,(Z) is constant on each
region in the complement of the hypersurfaces described in Theorem 3.3.10. The polynomial
in the theorem may also be written in Pliicker coordinates of Z as

P1234P135602456 — P1235P1346P2456 + P1235P1246 03456 - (3-20)
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If one instead takes maximal minors ¢;; of any matrix whose rowspan is the kernel of Z
and applies Pliicker relations, this polynomial obtains the simpler form 12431956 — q23945916-
This expression appears in physics in the algebraic prefactor of the six-dimensional scalar
hexagon integral, see | , Section 2.5, Equation 42].

The proof of Theorem 3.3.10 is a computational check, which we present as follows. The
question we must answer is: for which bases {i1j1, ..., i6js} in Wasa, does there exist a
positive matrix Z with Z; A Z;,, ..., Zi; N Z;, dependent? We call a basis where such Z
exists dynamic, and a basis without this property static. For example, we saw in Subsection
3.3.3 that the basis {12, 23,34, 45,56, 16} is dynamic.

Lemma 3.3.11. Suppose that the basis represented by a graph G s static. Then any basis
obtained by cutting G is static.

Proof. We prove the contrapositive. Suppose there exists a positive matrix Z for which the
edges of Cut(G, e, v) represent a set of dependent columns in A*Z. This means we have some
Ziy, Zjy among these dependent columns. If v = ¢/, then the columns remain dependent. [J

These operations give a poset structure to the 47 combinatorial types of bases of W ,,,
where G > G’ if G’ is obtained by cutting G. The poset and bases are pictured in Appendix A.

Proof of Theorem 3.3.10. In the poset of bases, the K; and “house” graph (next to the Ky
in Figure 3.3) dominate every basis except for the 6-cycle. By Lemma 3.3.11, if these two
are static, then so is every basis other than the 6-cycle.

We note that the property of being static or dynamic is invariant under cyclic rotations
of the vertex labels, but it is not invariant under the action of the full symmetric group.
Thus we must show that for every permutation in S5, the house graph is static. (The graph
K, has the full symmetric group S, as its automorphism group, so it is enough to check
once). By Lemma 3.3.5 the matroid of A*Z only depends on the Pliicker coordinates of Z.
Thus it suffices to parameterize the positive Grassmannian Gr(4, 5) by matrices

1000 —n
0100
Z=10 01 0 —as|°

0001

with each x; positive. We then checked that, for each permutation ¢ in S5, the polynomial
given by det[Z,(12) Zo(13) Zo(23) Zo(34) Zo(a5) Zo(15)) 1S a positive combination of monomials
in the x;, and hence itself positive. n

3.4 Schubert hyperplanes

3.4.1 A general characterization

Some of the facets of the exterior cyclic polytope are Schubert hyperplanes. In all known
examples for m = 1,2 and 4, only these Schubert hyperplanes contribute to the boundary of
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the amplituhedron. With this motivation, in Subsection 3.4.1 we define a Schubert hyperplane
of the wedge power matroid and give several equivalent characterizations in Lemma 3.4.2.
We characterize all Schubert hyperplanes of Cs 5, (Z) in Theorem 3.4.5. In Section 3.4.2 we
define a new polytope Cy4,(Z) by deleting the non-Schubert facets and relate its dual to
the image of Z under the twist map.

We will use F' to refer to a hyperplane in the matroid sense, and Hp to refer to the
corresponding projective linear space in P(A" R*™).

Definition 3.4.1. We call a hyperplane F' of Wy, ,,, , a Schubert hyperplane if, for generic Z,
the intersection Hp(Z) N Gr(k, k +m) is a Schubert divisor in Gr(k, k + m).

We check that the property of being Schubert is constant for an open set of matrices Z.
Indeed, in the space P(A* R¥™)Y of hyperplanes in P(A" R¥*™), a hyperplane is Schubert if
and only if its coefficients satisfy the Pliicker relations; see the proof of (1) to (2) in Lemma
3.4.2. Thus a non-Schubert hyperplane Hp(Z) can only become Schubert for a Zariski closed
set of matrices Z.

Lemma 3.4.2 (Schubert hyperplanes). Let F' = {Q1, ..., Q;} be a hyperplane in Wi p.
Let r = k +m. Then the following are equivalent.

1. F' 1is a Schubert hyperplane.
2. For Z generic, the entries of the normal vector to Hp(Z) satisfy the Plicker relations.

3. For Z generic, there is a (r — k — 1)-space in P"=1 meeting all the (k — 1)-spaces
Zovs- .\ Zo

B

Proof. We first prove that (1) and (2) are equivalent. Suppose that H is the Schubert divisor
Gr(k,r) of all (k — 1)-spaces in P"~! meeting a fixed (r — k — 1)-space P. We represent P
as the kernel of a k x r matrix, which we also denote P. We represent an arbitrary point L
of Gr(k,r) as the rowspan of a k X r matrix, which we also call L. Then L lies on H if and
only if the determinant of the k& x k& matrix P - LT vanishes. We use p; to denote maximal
minors of P and ¢; to denote maximal minors of L. The Cauchy-Binet formula gives us

Z prqr = 0.

1¢(%)

This proves the equivalence of (1) and (2). To prove (3), choose N = (}) — 1 independent
elements to span the hyperplane. By definition, they have a common transversal (r —k — 1)-
space if and only if the hyperplane is Schubert. Since the other elements (); lie in the same
hyperplane, they must also meet this common transversal. O

Example 3.4.3. There are four combinatorial types of hyperplanes in W54, depicted in
Figure 3.5. The number of facet-defining hyperplanes of Cy2¢6 of each type is (6,6, 3,15),
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Figure 3.5: Hyperplanes of W44

giving a total of thirty facets, as seen in Table 3.1. The first three types correspond to
Schubert hyperplanes in Gr(2,4). That is, they are hyperplanes parameterizing lines in P3
meeting a fixed line. The common transversal line in each case is 12,(123) N (156) and
(123) N (456). The final graph in Figure 3.5 corresponds to a non-Schubert hyperplane. The
corresponding facet of Cy56(Z) is a 5-simplex. o

One might conjecture from Example 3.4.3 that every hyperplane containing a circuit is
a Schubert hyperplane. However, the following example shows that there may exist non-
Schubert hyperplanes which are dependent sets in Wi, ,, 5.

Example 3.4.4. Let £k = 2, m = 3 and n = 15. We label the columns of Z by 1 through 9
and then A through F. Then the set consisting of

{12,13,14,15,16,17,18,19,14,1B,1C, 1D, 1E, 1F, 67,89, AB,CD, EF}

is a flat in W5 315. It contains for example the circuit {12, 13,14, 15,16}. The span H of the
corresponding vectors in /\2 R5 has dimension 9, so it is indeed a hyperplane. It contains all
vertices of the form Z; A Z,. However, one may check computationally that the coefficients
of H do not satisfy the Pliicker equations for Z generic. The intuition is that given nine
lines in P4, the condition that four of them meet at a point is not enough to guarantee a
common transversal plane to all nine. o

Theorem 3.4.5. The Schubert facets of the polytope Ca 2., (Z) are exactly the (g) hyperplanes
given by the vanishing of (Y ij) for 1 < i < j < n, where ij = (i — lii + 1) N (j —
1j7 + 1). Furthermore, these Schubert facets intersect transversally in Gr(2,4) for every
S Mat>0(4, n)

Proof. Any Schubert hyperplane will contain one of the three circuits in Figure 3.4. Thus
we only need to consider the following two cases:

1. three of the five lines lie in a common plane P, or

2. three of the five lines meet at a point q.



54

To complete the proof, it suffices to show that F'is a facet if and only if the transversal
line L furnished by Proposition 3.4.2 is of the form 7j in each case. We show this explicitly
by using the fact that if (Y'L) is a facet, then (Y L) > 0 for any vertex Y of Cy2,(Z). We
spell out the details for case 1, and case 2 follows by a similar analysis.

Call the remaining two lines D and E. Let us consider case 1 above, where L = (P N
D)AN(PNE). Here PN D and PN E are the intersection points of the lines D and E with
P. Thus their span is indeed another line. Write P = (ijk), with 7 < j < k. In the following
we take all indices to be ordered modulo n. We first show that P must involve consecutive
indices. For that, we use eq. (3.5) and write

(Y L) =(Y'ij)(ij (kD) 0 (KE)) + (Y jk)(jk (iD) N (i E))
+ (Y ik)(ik (jD)N (JE)) .

Assume that i +1 < j < k — 1. By plugging Y = (i + 1%) and Y = (j + 1%) in (3.21) for
x = 1, j, k and requiring that (3.21) is nonnegative, we obtain that exactly two out of three
coefficients of (Y'—) in (3.21) must vanish. Since i, j, k are distinct, and so are D and F, this
is a contradiction. Therefore, either k = j + 1, or j =7+ 1. However, since n > 4, one can
repeat the same argument to show that in fact there can be only one space between i, j, k, so
that P = (j— 1,7, +1) = j. Write now D = (ab) and E = (cd). Using again eq. (3.5) and
applying the same reasoning as above, one finds that without loss of generality c =b =a+1
and d = a + 2. Therefore, L = j,a + 1 has the desired form.

To prove that the Schubert hyperplanes intersect transversally, we use that the twist
map preserves positivity of matrices. If 7,5, k, [ are distinct, then (ijkl) is a maximal minor
of 7(Z). If Z is positive, then this minor is nonzero. Thus the lines ij and kl cannot
intersect. [

(3.21)

We now describe a subset of Schubert facets of C ., (Z) believed to form part of the
algebraic boundary of the amplituhedron. In [ | the authors conjecture that the am-
plituhedron Ay, ,(Z) C Gr(k, k + m) has the following semialgebraic description:

(~DMY 1 (ixiy 1) (fmerimes +1)), (Y (igia + 1) (imeainas + 1)) >0 m odd,

(3.22)

(Y (iriy +1)... (imim +1)) >0 m even, (3.23)
(Y12...m —1m)), ..., (Y 12...n — 1n))) has k sign flips. (3.24)
To our knowledge, this semialgebraic description of the amplituhedron has been proven only
for m = 2 in | , Theorem 5.1]. For this case, the algebraic boundary is known to
consist of the n Schubert divisors (Y i + 1) = 0. This has been proven for k = 2 in | ,
Proposition 3.1], but a similar proof works for higher k. Furthermore, in | , Corollary

8.8] the authors showed that the algebraic boundary of the m = 4 amplituhedron is given
by the Schubert divisors (Y ii 4+ 155 + 1) = 0.

Proposition 3.4.6. FEquations (3.22) and (3.23), for m odd or even respectively, define
facets of Cymn(2).
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Proof. By positivity of Z, all vertices of Cy ,, lie on the same side of each hyperplane in
(3.22) and (3.23). It remains to show that each hyperplane contains (Hkm) — 1 vertices of
Ck.mn in general position. For general n, the number of vertices on one such hyperplane is

(Z) - (” ;m) . (3.25)

For n = k 4+ m this exactly equals ( . ) — 1. Since n is at least k£ + m, it suffices to consider
vertices labeled by subsets of [k +m]. These are linearly independent since Z is positive. [J

3.4.2 A duality for m =k =2

We define a new polytope which only involves the Schubert hyperplanes. We are giving up
some combinatorial control of the vertices for a better understanding of the facets.

Polyhedral cones have multiple presentations; they can appear as the convex hull of
finitely many vectors, or as a subset of RV*! defined by finitely many linear inequalities.
We now work with the latter presentation. Generalizing our previous definition, we call a
hyperplane in /\k R™ a Schubert hyperplane if its projectivization is a Schubert hyperplane
in P(\*R™).

Definition 3.4.7. The Schubert exterior cyclic cone is obtained from the exterior cyclic
cone Ckmn(Z) by deleting all facet inequalities corresponding to non-Schubert facets. In
the case when the resulting cone is proper, we call its projectivation ékmn(Z ) in P(A"R")
the kth Schubert exterior cyclic polytope of type (m,n).

Example 3.4.8. When m = 1 every hyperplane is Schubert, and hence Cy. 1 ,,(Z) = 5’k1n(Z)
The same is true for k = 1. o

In principle, when deleting facet inequalities one could end up with a non-proper cone,
in which case its projectivization is not very compact. In our case, Proposition 3.4.6 tells

us that Cy.m.(Z) has at least (m"/2) Schubert facets. When this number is at least (k:,m),

the Schubert exterior cyclic cone in /\k RE+™ corresponding to Z is pointed. Indeed, the

normal vectors span a space of dimension ( " ) This implies that 5kmn(Z ) is a projective

m/2
polytope. In the case kK = m = 2, Lemma 3.4.5 produces (
in P°, so we indeed get a polytope. B

We study the Schubert exterior cyclic polytope Css,(Z) and its relation to Co s, (Z).
For that, we find it useful to present a result appearing in | , Section 14], whose proof
can be found in | , Corollary 4.10]. In that reference it is shown that eq. (3.26) is a
cluster variable for Grso(4,n).

n

2) hyperplanes and 6’272@(2 ) lives

Proposition 3.4.9 (Positive determinants for £ = m = 2). Let Z € Mat~o(4,n). Let
i < ig < i3 and j1 < Jo < js be elements in [n] such that i, < j, for every r =1,2,3 and
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equality does not hold for all r. Let a < b in [n]\ ([iv+1,...,i3 = 1JU[j1 +1,...,j5 — 1]).
Then,
<ai1i2’i3> <6Lj1j2j3> Lo Lo
det 2l = {ab N >0. 3.26
¢ <<b@1227/3> (bj1j2js) (ablirizis) O (Ju72]s)) = ( )
The polytope 6’272771(2 ) contains Cs 5, (Z) by definition. Moreover, by Theorem 3.4.5 and
Proposition 3.4.9 we have that

Coon(Z) ={Y €P° : (Y ) >0, V1<i<j<n}. (3.27)
The polytope 5272,,Z is related to the dual polytope C3,,, of Ca 4, as follows.

Proposition 3.4.10. We have that
Coon(Z) = Coan(W)*, (3.28)
where W = 7(Z) is the twist of Z, according to Definition 3.1.3.

Proof. By definition of the exterior cyclic polytope, we have that Cy 5, (W) C P? is equal to
the convex hull of the (’;) points W; A W; =ij. Note that ¢ + 1 = (it + 1), and hence by
Proposition 3.4.9 we have that ij is an inward-pointing normal vector of Cya,(W)* C P?.

Thus Cy,,(W)* is given by the right side of eq. (3.27), and hence it is equal to Cy5,(Z). O

By eq. (3.28) it follows that the vertices of 52,27n(Z) lying on Gr(2,4) correspond to
Schubert facets of Cs 5, (W), which by Lemma 3.4.5 are projectively dual to (ij) for 1 <
i < j < n. Note that here we also used that for W = 7(Z) € Mat-y(4,n) we have that
(W) AT(W); = (ij) as elements in P(A*R*), which can be easily verified. We have
therefore shown that B

Gr(2,4) Nvert(Co o) = vert(Coay) , (3.29)

where vert(P) denotes the set of vertices of the polytope P.

3.5 Convexity of amplituhedra

In the following, we fix a matrix Z € Mato(k+m,n) for n > k+m, and omit the dependence
on Z in the notation. Our first theorem concerns the convex hull of the amplituhedron in
Pliicker space. Note that the amplituhedron is connected, so by | , Lemma 2.2] the
convex hull is well-defined.

k+m

Proposition 3.5.1. The convex hull of the amplituhedron Ay, in P s equal to the
exterior cyclic polytope Ci m p.
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Proof. Because the nonnegative Grassmannian is contained in the standard projective sim-
plex, we immediately get the inclusion

Apmn CGr(k, k+m) N Clpmn - (3.30)

Monotonicity of the convex hull gives conv(Agmn) C Cimn. For the other direction we
work in an affine chart containing Cj ., so that Cy,,, equals the (affine) convex hull of
its vertices. Since the vertices of Cy ., are contained in Ay, ,, we infer that Cy ., C
conv( Ay m.n») by monotonicity of the convex hull. O

In the following, we want to determine which amplituhedra are extendably convex. In
light of Proposition 3.5.1, this amounts to asking for which parameters the inclusion in
eq. (3.30) is an equality.

Question 3.5.2. For which values of k, m,n is Ay, , extendably convex?

Note that in phrasing this question we dropped the dependence on Z € Mat~o(k+m,n),
but it is not clear if this is a reasonable assumption. We expect the answer to Question 3.5.2
to depend on m. For m = 0 the amplituhedron and the exterior cyclic polytope are both
equal to P°, and therefore coincide. However, for the case of m = 1 it follows from the
discussion in Section 3.3.2 that the amplituhedron is not extendably convex. In general, we
expect that the amplituhedron is not extendably convex for odd m.

If the amplituhedron Ay, ,, is extendably convex, its boundary is equal to Gr(k, k+m) N
OCmn- In particular, the algebraic boundary would consist of only linear sections in the
Grassmannian. It has been proven that this is the case for m = 1,2 and 4. However, for
m = 6, the boundary of the amplituhedron contains higher degree components | ].

In this section we prove that the amplituhedron for £ = m = 2 is extendably convex. For
that, we need a sequence of lemmas to verify the assumptions in Lemma 3.2.12. We start
from the regularity assumption.

Lemma 3.5.3. The vertices vert(Cym.n) are all regular points in Gr(k,k +m) N Cimn-

Proof. This follows from the fact that vert(Cy ) is contained in Ay ,,, and the relative
interior of Ay, ,, in Gr(k, k 4+ m) is contained in Gr(k, k + m) Nint(Cy ). O

Lemma 3.5.4. The semialgebraic set Gr(2,4) N Ca,, is reqular in Gr(2,4). The same is
true for Gr(2,4) N Caa,.

Proof. Since the projective dual variety of Gre(2,4) is equal to Gre(2,4), any hyperplane
section of Gr(2,4) is singular if and only if the hyperplane is Schubert. In Lemma 3.4.5
we characterized all Schubert hyperplanes of Cs,. Each of these is projectively dual to a
point ij € Gr(2,4) for some 1 < i < j < n. Each such Schubert divisor is singular only
at one point, given by ij. Therefore the singular points of Schubert hyperplanes of Cy s,
intersected with Gr(2,4) are all 45 for 1 < i < j < n. We show that ij is in 9Cy,, if and
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only if j = i + 1, modulo n, in which case ij = (ii + 1). In fact, if |j —i| > 1, then using
(3.6) we compute

(ij,i—Tit D) =(—1,i+1,ii+20,j—1,7,j+1)E—2i—14i+1)<0. (3.31)

By eq. (3.27) it follows that ij ¢ Cya,, if |j —i| > 1. On the other hand, (ii+1) € 9Cy 5, and
it is in fact a vertex of Cy 5, and hence a regular point of Gr(2,4) N Cy2, by Lemma 3.5.3.
Note that since Gr(2,4) has codimension one in P°, Lemma 3.2.13 applies to all faces of
Cs2,n, of dimension greater equal or than one. We also use that for every face F' of Uy, we

have that
Sing(X NF) C | JSing(X N H;) ={(ii+1) : i=1,...,n}, (3.32)

Here (ii + 1) denotes the point given by the vector Z; A Z;,1, F denotes the Zariski closure
of F' and the union ranges over all facet-defining hyperplanes H; of C55,. The last equality
follows from the previous analysis. The proof is therefore concluded by Lemma 3.5.3.

The exact same argument works also for Gr(2,4) N Cy5,,. The fact that the vertices are

regular also in this case follows from the containment of Cy 5, in Co . O

We now check the connectedness assumption of Lemma 3.2.12 in our setting. We first
need the following result. Recall that ij denote the intersection of the two planes (i — 143+ 1)
and (j — 157 + 1) in P3.

Lemma 3.5.5. We have that
{V : (Yij) >0, Vi<i<j<n}n{Y :(Yij)>0,Vi<i<j<n}=0,. (3.33)
where the two sets lie in P°.

Proof. Consider the map T, which depends on Z, given by

T R(;) N R(Z) 7
Y (Yabyewr Y. (Yab)eq,. (3.34)

1<a<b<n 1<a<b<n

In coordinates, T" is given by eq. (3.6), namely
eap > €a—1a(a+1,0—1,b,b+1)+eq411(a—1,0—1,b,b+1) —e4_1441(a,b—1,b,b+1). (3.35)

Here ey, € R() = /\2 R"™ is identified with the wedge product of the standard basis vectors
€q, e, € R™. The statement follows if T(R(;O)) does not intersect the positive orthant Rg%).
For that, we show that there exists a hyperplane separating the two cones. We choose
v = ZngbSn Vab €ap SUch that vy, > 0 if [b — a| = 2 and equal to zero otherwise. Then, by
eq. (3.35) and the fact that Z is positive, Ty - vy < 0 for every 1 < a < b < n. This means
(2)) and R(;O). m

that the hyperplane normal to v indeed separates T'(R<j
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Lemma 3.5.6. The sets Gr(2,4) Nint(Cy2,) and Gr(2,4) N int(ézgm) are both connected.

Proof. Let us denote by S one of the two sets in the statement, since the same argument works
in both cases. Let Y be a point in S. Recall that by eq. (3.27) we have that (Y ij) > 0 for
every 1 <i < j < n. Then, by Lemma 3.5.5 there exist 1 < i < j < n such that (Yij) < 0.
We can assume without loss of generality that ¢ and j are different than 1. We show that
there exists a path in S U {(12)} from Y to (12) € Gr(2,4). Consider the two-dimensional
plane P parameterized by o, 8 € R as P(a, ) := o (12) + (ij) + BY € P(A*R?*). We
intersect P with Gr(2,4). Since points in Gr(2,4) correspond to decomposable vectors in
P(A*RR*), we obtain the equation

P, B) A P, B) = o (12i5) + af (Y12) + B (Yij) = 0. (3.36)

This is the defining equation of a curve in the plane P. We solve

—B(Y1j)
(12i5) + B (Y12)

and define () := P(a(8), B). Then ~ is a parameterization of the curve PN Gr(2,4). Note
that (Y'12) > 0 and (12i5) > 0. Also, a, f > 0 parameterize the (relative interior of the)
convex hull of (12), (ij) and Y, which lies in S. Eq. (3.37) is strictly positive for every g > 0,
which means that v(/5) isin S for 5 > 0. Then (/) traces a continuous path in S as [ varies
in (0,00). The endpoints are v(0) = (12) and limg_,o 7(f) = limg_, %P(a(ﬁ),ﬁ) =Y.
Above we showed that the set S U {(12)} is connected. We now show that S is also
connected. Let P be either Cy 3, or 5272,7, Since Gr(2,4) is a manifold, we may take a local
chart around (12). We may choose the chart small enough such that the image of S in the
chart is a contractible set. Since (12) lies on its boundary, S is connected. [

a(B) = (3.37)

We now summarize some known topological properties of the amplituhedron. The ampli-
tuhedron Ay, ,, is closed in Gr(k, k+m) by definition. It is regular since it is the continuous
image of Grso(k, n), which is regular because it is homeomorphic to a k(m — k)-dimensional
closed ball | |. By the same argument, the interior of Ay, ,, is connected. We are now
fully equipped to prove the main result of this section.

Theorem 3.5.7 (Intersection result for k = m = 2). We have that
As20(Z) = Gr(2,4) N Cop(Z) = Gr(2,4) N Copp(Z),  VZ € Matso(4,n).  (3.38)

Proof. This follows from Lemma 3.2.12 by taking X = Gr(2,4), A = As2,(Z) and P =
Coon(Z) or P = 5272,H(Z ), respectively. As discussed above, the amplituhedron is a regular
semialgebraic set and its relative interior is connected. Assumption 1 of Lemma 3.2.12
follows from Lemma 3.5.4, assumption 2 from Lemma 3.5.6, assumption 3 is immediate and
assumption 4 from | , Proposition 3.1] and Proposition 3.4.6. O

Corollary 3.5.8. The amplituhedron A5 ,(Z) is extendably convex for all Z € Mat~o(4, n).
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3.6 Extendable dual amplituhedra

In this section we define a notion of convex duality for semialgebraic sets in a real projective
variety and later apply it to define a notion of dual amplituhedron.

3.6.1 Extendable duality

Through the following section, let X C PV be a real projective variety.

Definition 3.6.1. Let S C X be a connected, semialgebraic, and very compact set. We
define the extendable convexr dual of S in X to be

S™X = XNS"=XnNconv(S)", (3.39)
where S* denotes the convex dual of S in PV.

Note that since S is very compact, so is its (projective) convex hull. By the Tarski-
Seidenberg Principle | , Section 1.4] it follows that conv(S)* is semialgebraic, and
therefore so is S*X. It is important to point out that the set S*X depends on the choice
of isomorphism (PV)¥ = PV, and therefore on the choice of inner product on R¥*!. In
the following, we consider the standard inner product. We now prove some properties of
this notion of convex duality, which follow directly from elementary properties of the usual
convex hull and convex duality in projective space.

Proposition 3.6.2. Let S,T C X be connected, semialgebraic, and very compact sets.
1. §*% is convex in X.
2. If SCT, then T*x C S*x.
3. convy(S) C (S*x)*x.

Example 3.6.3. Unlike in the projective case, if S is convex in X, the inclusion S C (5*x)*x
can be strict. For example, in an affine chart on P? let X = V(x? +y? — 1) be the unit circle
and S = {(z,y) : 2> +y* < 1,z > 0} N X be a semicircle. Then, S* = {(z,y) : 2* + 3> <
L,z <0}U{(z,y) :2>0,—1 <y <1}, and S** = X. Thus the inclusion (S*X)** = X D S
is strict. o

Lemma 3.6.4. The nonnegative Grassmannian is self-dual, that s,
Grso(k, n)*ertm = Greo(k, n) . (3.40)

Proof. This follows from Proposition 3.5.1 with n = k+m and Z being the identity matrix,
together with the fact that Cy , k1+m(Z) is the projective simplex, which is self-dual. O
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3.6.2 The extendable dual amplituhedron for £ =m = 2

We now use the results from Subsection 3.6.1 to define a notion of dual amplituhedron.

Definition 3.6.5. We define the extendable dual amplituhedron to be

jl/k,m,n = A CrUkEm) Gr(k, k +m) Nconv(Agmn)" = Gr(k,k+m)NCy ...  (341)

k,m,n
where in the last equality we used Proposition 3.5.1.

Since Cj, ., is the convex hull of the () points in (3.18), we have that

Ch o = {Y € ]P’(/k\R’“*m) Yy i) >0, V(i) € ([Z]) } . (3.42)

Let us now focus on the case of k = m = 2. By eq. (3.28) and Theorem 3.5.7 we have

Agon(Z) = CGr(2,4) N Copn(Z2)* = Gr(2,4) N Coon(W)

(3.43)
= Gr(2,4) N Coa, (W) = Ags,, (W),

where we specified the dependence of the amplituhedron and of the polytopes on the positive
matrix. In particular, for & = m = 2 the extendable dual amplituhedron is again an
amplituhedron. This also explains our notation for the dual amplituhedron.

We now argue that this notion of duality for the amplituhedron at £ = m = 2 is natural
from a physics point of view. For that, it is useful to think of the amplituhedron Ay, ., as
living in Gr(m, n), by identifying it with its image under the twistor embedding v : Gr(k, k+

m) — Gr(m,n), see | , Section 2]. Let us denote the amplituhedron in the twistor
embedding by By, = (Akmn)- By | , Theorem 4|, we have that
Byon(Z) =115 ,(Z2) N G1(2,2), (3.44)

where 15 ; (Z) is the connected component of the complement of the n divisors (ii+1) = 0 in
Gr(2, Z) on which the sequence ((12), (13), ..., (1n)) has k sign-flips; see | , Proposition
2]. In this notation, we identify the image of the extendable dual amplituhedron under the
twistor embedding with

¢(~/2(2,2,n(2)) = w(Azz,n(W)) = 80,2,n<Z) . (3'45)

From this we deduce that ﬂgvg,n(Z ) has the following semialgebraic description. It consists
of all points Y € Gr(2,4) such that

(Yii+1)>0 Vi=1,....,n—1, (Y1in)>0, and

3.46
the sequence ((Y 12), (Y 13)...,(Y 1n)) has zero sign flips. (3.46)
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Corollary 3.6.6 (Extendable dual amplituhedron for & = m = 2). The extendable dual
amplituhedron for £ = m = 2 in twistor space is equal to the twisted amplituhedron, which
has a semialgebraic description as in (3.46).

Therefore, for k = m = 2 the duality of Definition 3.6.5 corresponds physically to in-
terchanging the maximal-helicity-violating (MHV) (k = 2) sector with the MHV sector; see
also [ , Section 2.3]. More generally, we are lead to the following question.

Question 3.6.7. Is the analogue of Corollary 3.6.6 also true for m = 2 and k > 27

This chapter has given a new description of the amplituhedron in terms of exterior cyclic
polytopes. It fits into a larger search for a good notion of a dual amplituhedron. By
starting with duality of convex sets, we have given a candidate definition for what the
underlying semialgebraic set of such a dual would look like, using our concrete polytopal
description. However, we are far from a satisfying conclusion to the story, and we hope that
our explorations will be useful for future efforts.
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Chapter 4

Wondertopes

This chapter is based on the paper | ], which is joint work with Sarah Brauner, Chris
Eur, and Raluca Vlad. The text remains largely unchanged from that paper, except that we
have omitted some preliminary material and the appendix, which contains the combinatorial
analogue of Theorem 4.1.4 in the context of matroids.

4.1 Introduction

Positive geometries were introduced by Arkani-Hamed-Bai—Lam | ] as a mathematical
framework that encodes integrands arising in the computation of scattering amplitudes.
Various quantum field theories give rise to various positive geometries. We recall the technical
definition of positive geometry from the Introduction.

Definition 4.1.1. A positive geometry is a pair (X, X>¢) consisting of an n-dimensional
irreducible complex normal projective variety X defined over R, and a semialgebraic subset
X>0 C X(R), along with a unique nonzero meromorphic n-form (X, X>0), satisfying the
following properties.

e The interior X.( := int(Xs¢) of X5¢ is a smooth oriented real n-manifold, and the
Euclidean closure of X+ is X>.

e Let 0X be the Zariski closure of X5\ X0, whose codimension 1 irreducible compo-
nents are C1, ..., Cy. Then, with C; 5o as the Euclidean closure of int(C; N (X>\ Xs0))
in C;(R), the n-form Q(X, X>¢) satisfies the following recursive property:

(a) ifn =0, then X = X5 is a point and Q(X, X5() = £1, depending on orientation;
and

(b) if n > 0, the form Q(X, X>¢) has simple poles along each C; and no other poles,
and every (C;, C; >0) is a positive geometry, with the orientation on C; - inherited
from that of X.g, such that the residue of Q(X, X5¢) along C; satisfies

RGSCi Q(X, XZO) = Q(CZ, Ci,ZO)'



64

The n-form Q(X, X>) is called the canonical form of (X, X>¢), and X>( the nonnegative
part. We call (C;, C; >0) a (codimension 1) boundary component of (X, X>o).

By definition, a positive geometry (X, X>o) defines a pair (X,0X"') of a variety and a
divisor where 9X! denotes the union of components of X of codimension 1 in X. Thus,
one may naturally ask: (when) does a positive geometry (X, X>() admit a version of log
resolution of singularities? More precisely, we ask:

Question 4.1.2. For a positive geometry (X, X>¢), (when) is there a positive geometry
(X, X>0), along with a birational map 7 : X — X restricting to a diffeomorphism X., =
X-0, such that X is smooth and the boundary X! is a simple normal crossing divisor?

Such a pair ()Z' , X >0) may not always exist; see Example 4.5.2. However, we affirmatively
answer the question for a prototypical example of a positive geometry, namely, a polytope
in a projective space. We achieve this by introducing a new family of positive geometries,
whose nonnegative regions we call wondertopes. Let us now recall the construction of a
wondertope from Chapter 1.

Let V = R""! be a real vector space. Let P be a full-dimensional (convex) polytope
in R", considered as a subset of the projective space PV by the identification PV \ PH =
R" for a hyperplane H in V. We will abuse notation to write PV also for the complex
projective space P(V ®g C), as we trust that the field will be clear from context; as per
the types in Definition 4.1.1, the varieties considered throughout the paper are complex,
while the semialgebraic sets live inside the real points of these varieties. The pair (PV,P)
is a positive geometry | |, whose canonical form is well-studied for its connection to
adjoint hypersurfaces | | and the volume of dual polytopes | , §7.4].

A wondertope is constructed from a polytope P C PV and a set B of proper linear
subvarieties of PV satisfying the following properties:

(1) for every F' € B, the intersection F'NP is a (possibly empty) face of P,
(2) every hyperplane whose intersection with P is a facet of P is in B, and

(3) Bis a building set in the sense of | , Theorem 2.3.(2)]; that is, for every intersection
L = (\per I of a subset F of B, the subset

Fr ={F € B| F is minimal (by inclusion) among elements of B that contain L}

of B satisfies Z codimpy F = codimpy, L.
FeFr,

Definition 4.1.3. With notation as above, choose any ordering of B = {F}, ..., F}} such
that 7 < j if F; C Fj, and define X5, also denoted PV 5, to be the sequential blow-up

XP :=Blg, (- - (Blp,(Blg, PV)) - - )
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with the blow-down map 7z : X8 — PV. Here, we repurpose notation to write Fy for the
strict transform of Fy in Blp, PV, and similarly for Fy, ..., F. The wondertope P? is

PP = the Euclidean closure of 75" (the interior of P) in X®(R).

That a wondertope is semialgebraic is verified in Corollary 4.2.6. Our main result in this
chapter is the following.

Theorem 4.1.4. The pair (XB,ﬁB) 1s a positive geometry whose canonical form is the
pullback T5Q(PV, P) of the canonical form of (PV,P). The boundary components of (X5, PF)
are (the strict transforms of ) the exceptional divisors Ep for F' € B such that dim(PNF) =
dim F'.

The variety X? is known as the wonderful compactification of the arrangement comple-
ment C(B) = PV \ (|JB), introduced by De Concini and Procesi in | |. They showed
that the boundary X%\ C(B), which consists of (the strict transforms of) the exceptional
divisors of our sequential blow-up, is a simple normal crossing divisor. Thus, Theorem 4.1.4
implies that the pair (X7, P5) is a log resolution of singularities of the positive geometry
(PV,P) in the sense of Question 4.1.2.

For (X5, P8 ) to be a positive geometry, but not necessarily with simple normal crossing
boundary components, the condition on B can be relaxed slightly; see Theorem 4.4.5. We
caution however that removing any one of the three conditions on B above results in a failure
of the conclusion of Theorem 4.1.4; see Examples 4.5.1, 4.5.6, and 4.5.7.

One notable special case of Theorem 4.1.4 arises from the rank (n—1) braid arrangement
A,y comprised of hyperplanes {z; —z; =0} in V =R"/R-(1,1,...,1) for 1 <i < j <n.
The complement C'(A4,_1) = PV \ A,,_; is isomorphic to My 11, the moduli space of n 4 1
distinct points on P'. For an appropriate choice of building set, the corresponding won-
derful compactification is isomorphic to the Deligne-Knudsen—Mumford compactification
HOWF [ |. The polytope in this context is a simplex, and the corresponding wonder-
tope (HO,TLJrl)ZO is combinatorially isomorphic to the n-associahedron, which parameterizes
triangulations of an (n + 1)-gon—hence, it is sometimes called the “curvy associahedron,”
and was first studied by Devadoss | ]. Note that this wondertope (Mg, 11)so is the
tropical compactification of My 41 in the sense of | ]. Theorem 4.1.4 then recovers
the following result of Arkani-Hamed-He-Lam | , Proposition 8.2], which uses work
of Brown-Carr—Schneps | , Proposition 2.7]. See Section 4.5.1 for details.

Corollary 4.1.5. The pair (Mg .1, (Mo,11)>0) is a positive geometry with canonical form

given by the Parke-Taylor form; see Equation 4.4.

Related works

In the study of bordifications of links of tropical moduli spaces | |, wondertopes P8 of
a polytope P with respect to an intersection-closed set B of linear subspaces appeared as
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“blow-ups of polyhedral linear configurations.” In a slightly different setting of stratified
manifolds and real blow-ups® [ |, wondertopes essentially appeared as compactifications
of interiors of polytopes. In a related direction, “poset associahedra” were introduced in
[ ] as certain compactifications of the interior of Stanley’s order polytope of a poset.
Brown-Dupont | ] propose an interpretation of positive geometries using Deligne’s mixed
Hodge theory for complex varieties; in their setting, invariance under blow-ups is immediate,
whereas our paper shows that the situation is more subtle in the recursive setting (see non-
examples in Sections 4.5.2 and 4.5.3).

Organization

The remainder of the chapter proceeds as follows. Section 4.2 discusses properties of semi-
algebraic subsets, and proves that wondertopes are indeed semialgebraic. In Section 4.3 we
show that blowing-up a single face in a polytope results in a positive geometry. We then pair
this result with induction in Section 4.4 to prove Theorem 4.1.4. Section 4.5 focuses on ex-
amples; we discuss Mo,n and Corollary 4.1.5 in Section 4.5.1, and feature several pathologies
in Sections 4.5.2 and 4.5.3 that show the conditions imposed on B are necessary.

4.2 Semialgebraic subsets

We define and record some properties of semialgebraic subsets, and show that wondertopes
are semialgebraic. Much of this section can be found in a standard reference in the general
setting of real spectra, which is beyond our needs. For the convenience of the reader, we
include here a self-contained account of semialgebraicity in a scheme over R, and verify its
compatibility with the notion of semialgebraicity in a projective space given in [ ].
The latter is the same definition used in Chapter 3; see 3.2.1. Readers willing to believe the
semialgebraicity of a wondertope (Corollary 4.2.6) may skip this section.

Definition 4.2.1. A polynomial f € R[zy,...,x,] defines a subset {z € R" : f(x) > 0} of
R"™. The collection of finite boolean combinations of such subsets, i.e. the smallest collection
that contains all such subsets and is closed under finite unions, finite intersections, and
complements, is called the set of semialgebraic subsets of R™.

For example, a polytope and the interior of a polytope in R™ are semialgebraic. Semial-
gebraic subsets are known to satisfy the following properties, both of which follow from the
Tarski—Seidenberg theorem.

Proposition 4.2.2. / , Chapter 2]

Loosely put, our notion of a blow-up in the sense used in algebraic geometry | , Chapter IL.7]
replaces the blown-up locus with the projectivization of its normal bundle, whereas the “real blow-up” known
as the “balls, beams, and plates construction” in [ ] replaces the blown-up locus with the sphere-bundle
of its normal bundle.
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e Images and preimages of semialgebraic subsets under an algebraic map are semialge-
braic.

e The closure and the interior (with respect to the Euclidean topology on R™) of a semi-
algebraic subset are semialgebraic.

We now define semialgebraic subsets of schemes. Let A be a finitely generated R-algebra,
and Y = Spec A its affine scheme. Because the only automorphism of the field R is the
identity, an R-valued point y € Y(R), i.e. a ring map y : A — R, is uniquely determined by
the maximal ideal m, = y~*(0) of A. Thus, for the point y in Spec A and an element f € A,
the value f(y) is well-defined as the image of f under A/m, = R. This allows us to define
the following.

Definition 4.2.3. For the affine scheme Y = Spec A of a finitely generated R-algebra A, a
subset S C Y(R) of its R-valued points is semialgebraic if it is a finite boolean combination
of subsets of the form {y € Y(R) | f(y) > 0} for some f € A. For a scheme X of finite type
over R, a subset S C X(R) is semialgebraic if S N U is semialgebraic for each affine open
subset U C X. By convention we assume that schemes are separated.

We observe two features of this definition:

e The definition of semialgebraic subsets in an affine scheme is compatible with the
one for subsets of R™. More precisely, for the affine scheme Y = Spec A, choosing a
generating set xy, ..., z, for the R-algebra A gives a closed embedding ¢ : Y — A"(R).
Then, a subset S C Y (R) is semialgebraic if and only if ¢(S) C R™ is semialgebraic,
since every f € A has a lift ]7 € R[zy,...,x,] such that any two such lifts restrict to
the same function on ¢(Y)(R).

e For a scheme X of finite type over R, it suffices to check the semialgebraicity condition
for an open affine cover of X, since open subsets and finite unions of semialgebraic
subsets are semialgebraic, and since finite type schemes and intersections of affine
open subsets of (separated) schemes are quasi-compact.

Together, the two observations imply the following.

Lemma 4.2.4. Let {(Uy,ta)} be an affine open cover of a scheme X of finite type over
R, with closed embeddings o : U, — R™. Then, a subset S C X(R) is semialgebraic if
ta(Uy N S) is semialgebraic for all a.

Proposition 4.2.2 generalizes straightforwardly to the setting of semialgebraic subsets of
a scheme, as follows; we omit the proof.

Proposition 4.2.5. Let X and Y be schemes of finite type over R, and ¢ : X — Y a
morphism (which is necessarily quasi-compact).

e Images and preimages of semialgebraic subsets are semialgebraic under .
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e The closure and the interior (with respect to the Euclidean topology) of a semialgebraic
subset are semialgebraic.

Corollary 4.2.6. For any sequential blow-up 7 : X® — PV of linear subspaces that do
not intersect the interior of a polytope P C PV, the strict transform PZ, i.e. the Euclidean
closure of 71 (int(P)) in XB(R), is semialgebraic.

Remark 4.2.7. The authors of | | define a semialgebraic subset of a projective space as
follows: A subset S C P*(R) is said to be semialgebraic if it is the image under R"*\ {0} —
P"(R) of a semialgebraic subset S C R"™  all of whose defining equalities and inequalities
are given by homogeneous polynomials.

Let us verify that their definition agrees with ours. Proposition 4.2.5 implies that if
S C P*(R) is semialgebraic in their sense, then it is also in our sense. For the converse, since
P™ is covered by the (finitely many) coordinate affine charts, it suffices to show the converse
for a subset S of P" that avoids a coordinate hyperplane, say {xo = 0}. In that case, the
converse holds because under A" = Uy = P\ {z, = 0}, we have

{r € A"(R): f(z) >0} =
the image under R"™ \ {zy = 0} — Uy of {(z,z) € R"™ : F(x) > 0}

for any polynomial f and any even degree homogenization F' of f by the variable xg.

Remark 4.2.8. More concretely, for a building set B as in Section 1.2, consider the rational
map

p PV - PV x [] P(V/W),

PWeB
coming from the identity PV — PV on the first coordinate and the quotient V' — V/W
on the other coordinates. According to | ], the sequential blow-up X7 is isomorphic

to the Zariski closure of the image of ¢ inside PV x []pyc5 P(V/W), with the blow-down
map 7 being projection onto the first factor PV. Under this embedding, the interior of the
wondertope P? is cut out by the multi-homogeneous equations cutting out X7, together
with the strict linear inequalities in the coordinates of the first factor PV corresponding to
the facet hyperplanes of P. Finding the multi-homogeneous equations and inequalitites that
cut out the entire wondertope P? inside this product PV X [Tpy s P(V/W) would be an
interesting future direction of study.

4.3 Blowing up a single face

As in the introduction, let V' be an (n + 1)-dimensional real vector space, and let P be
a full-dimensional polytope in PV. This defines a positive geometry (PV,P). The goal of
this section is to prove the following “fundamental computation,” from which the proof of
Theorem 4.1.4 will follow via induction in Section 4.4.
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Theorem 4.3.1. Let W C V be a proper subspace such that PW NP is a (possibly empty)
face of P. Let m: X = Blpy PV — PV be the blow-up. Let the strict transform P of P be

P = the Buclidean closure of m~"(the interior of P) in X (R).
Then, the pair (X, 75) is a positive geometry whose canonical form is TQ(PV, P).

In Section 4.3.1, we prepare by collecting known results about polytopes, normal cones,
and triangulations. Then, in Section 4.3.2, we use these to prove Theorem 4.3.1.

4.3.1 Polytopes, normal cones, and triangulations

A polytope is the convex hull of a finite set of points in R™”. Throughout, let P be a (projective)
polytope in PV, by which we mean a polytope in PV \ PH = R" for some hyperplane H.
Choosing H* to be one of the two open half-spaces in V' defined by H, we obtain the following
polyhedral cone in V:

P =Rsofv € H* | image of v in PV lies in P}
=Rso{v € H' | image of v in PV is a vertex of P C (PV \ PH) = A"(R)}.

This cone is pointed (or also called strongly convez), i.e. PN (—73) = {0}. Its image in PV
recovers the original polytope P. If P = (), we set P= {0}. We will freely switch between
considering a projective polytope as a polytope in PV \ PH = R" for some hyperplane H
and as the image in PV of a pointed polyhedral cone in V. That is, we will switch between

a projective polytope P C PV and its corresponding pointed polyhedral cone PCV.

Definition 4.3.2. For a linear subspace W C V such that P AW is a face of 73, we define
two pointed polyhedral cones Py, C W and PW C V/W by

Pw=PNW and PW = {0} ~ if POW = {0}
the image of P under V' — V/W  otherwise.

We call the polytope Py, C PW the face of P relative to W, and call the polytope PV C
P(V/W) the normal polytope of P relative to W.

The cone 7/3W is sometimes known as the normal cone of P relative to W. It is a pointed
polyhedral cone (see for instance | , Lemma 4.7]), so that the normal polytope P" is a
well-defined projective polytope. We caution that our definition of normal polytope is not
the same as the polar dual polytope constructed from the normal fan.

We observe that these induced polytopes Py, and PV arise in our context via the following
Proposition; for a proof, see | , Proposition 5.10].2 For a description of blow-ups and
exceptional divisors appearing below, see | , p- IL.7].

2 , Proposition 5.10] is stated for the more general case of a sequential blow-up of an intersection-

closed collection of linear subspaces, which specializes easily to the case stated here.
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Proposition 4.3.3. Let 7 : Blpyy PV — PV be the blow-up, and E the exceptional divisor.
Suppose P is full-dimensional. Then, under the canonical isomorphism E = PW xP(V/W),
the strict transform P satisfies E NP = Py x PV, See Figure 4.1.

Figure 4.1: Left: a cube in P? and a P! (green) intersecting the cube along an edge F.
Right: the cube after blowing-up P? along the P!, with £ = P! x P! and E5¢ & F x Al
(the latter in green). Here, A! denotes the standard simplex of the projective line (see
Proposition 4.3.6 (c) for a definition).

We now describe how faces and normal polytopes interact with triangulations.

Definition 4.3.4. A triangulation of P is a finite collection T of simplices in PV of dimen-
sions all equal to dim P such that

(i) the simplices in 7 cover P, i.e. |J;o7 T = P, and
(ii) any two simplices T, T" € T intersect in a (possibly empty) common face.

Let us fix a triangulation 7 of P, and fix a linear subspace W C V such that PW
intersects P along a (possibly empty) face. Note that PW then intersects each simplex
T € T along a (possibly empty) face, so we may consider Ty, and T".

Lemma 4.3.5. One has triangulations of Py and PV obtained from T as follows.
(a) The collection Tyy = {Tw | T € T with dim Ty = dim Py } is a triangulation of Py .

(b) Suppose further that dim Py, = dimPW. Then, for any simplex F in the triangulation
Tw of Pw, the collection TV'E = {TW | T € T with Ty = F} is a triangulation of
PV,

Proof. We omit the proof of the first statement (a), as it is straightforward. We prove the
second statement (b), which is false without the assumption dim Py, = dim PWW.

Every T € T"! is a full-dimensional simplex in PV which intersects PW along F, a
full-dimensional simplex in PW. Hence the normal face T of T relative to PW is a full-
dimensional simplex in P(V/W). With the cone P obtained by a choice of open half-space
HT CV, welet T be the cone of a simplex T' € T for the same half-space H". We need to

show that {ﬁ | TV € T™WF} is a triangulation of PW.
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Plck any non-zero v € P C V with i image v € PW V/W. We will show that 7 belongs
to TV for some TV € TWF. Consider a ray w € P whose projectivization lies i 111 the interior
of F'. Then for any positive integer ¢, both 1 -v and w lie in 77 so the sum Z v + w does
as well. Since our original triangulation 7° Covers P, there must exist a T € T whose cone

T contains % v + w for infinitely many positive integers c¢. This cone T C V is closed in

the real topology induced by any linear identification V = R"*!, so T must also contain the
limit point w. By assumption, w lies in the interior of F, so TW € TW by part (a). Its
normal cone TW thus contains o T ¢-w = 7.

Finally, consider any simplices 77,7, € T"¥. Since T is a triangulation, T} intersects
T, in a common face S =Ty N'Ty. We claim that T/V N T}V = SV which is a common face.
By construction, both T} and T3 intersect PW along F), which is a full- dlmensmnal snnplex
in PW. Thus the same must be true for S = 77 N T,. It follows that W C TW N TW is

a common face. In fact, this containment is an equality since, by assumption, the cones T1
and T2 intersect only along S. O

In our context, the utility of considering triangulations arises from the following known
results in positive geometry.

Proposition 4.3.6. For a full-dimensional polytope P C PV, choose an orientation of its
interior by an orientation of an affine chart A™(R) = R™ containing it.

(a) [ , Section 6.1] The pair (PV,P) is a positive geometry.

(b) [ , Section 3.1] If T is a triangulation of P, all of whose simplices are oriented
the same way as P, then the canonical forms of (PV,P) and (PV,T) forT € T satisfy

QPV,P) =) QBV,T).

TeT
(c) [ , Section 5.1] Suppose P is the standard simplex A" = {[Xo : ... : X,] |
X; > 0 foralli}y € P*(R). Let U be the affine chart A™ = U = {X, # 0} C P"
with coordinates r1 = §—;, cey Ty = ))g—z, in which the interior of A" is identified with

the positive orthant {x € A™(R) | x; > 0 for alli}. If the standard orientation of

A™"(R) = U(R) given by the ordered coordinates (x1,...,x,) agrees with the orientation
of int(A™), then the canonical form satisfies

dx da:n
QP A"y = — A A —2
T l’n
Lastly, we record the orientation and residue conventions from | , Appendix A] in

the following remark, with a focus on the standard simplex A" from Proposition 4.3.6(c).
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Remark 4.3.7. Given a boundary component (C, Cs¢) of (X, X>¢), pick a (boundary) chart
U C X5 diffeomorphic to R"™! x R>q such that the restriction U N Cs is identified with
R"~! x {0}. For instance, one can pick U to be an analytic neighborhood around a point of
Cso. We may choose the identification U 2 R"~! x R>q such that the restricted identification
between U N X+ and R x Ry, is orientation preserving, where R"! x Ry, C R" has
the standard orientation. We orient C-( such that the identification between U N C5( and
R™ ! x {0} is orientation preserving, where R"~1 x {0} has the standard orientation. We
say that this is the orientation that X.q induces on Csy.

For the residue, if a divisor is locally given by an equation f = 0, then the residue of a
form with a simple pole at { f = 0}, when locally written as a A %, is o] f=g. Let us explicitly
describe these conventions in the case of the standard simplex A™ C P*(R).

Consider the boundary component ({X,, = 0}, A" N{X, =0}) = (P!, A"1). Tt inter-
sects our chart A" along A"~! = {x, = 0} C A™. Since the standard Euclidean orientation on
A™(R) induces the standard Euclidean orientation on the hyperplane A" }(R) = {z,, = 0},
then we consider A"~! oriented by the standard orientation on the real points of our chart
Aml >~ {X, £ 0} Cc P*~!. And indeed, the recursive formula in Definition 4.1.1 holds:

dx, dx; dT,—1
AN

dx
ReS{mnzo} -1 Neve N —— = .
T Ty Iy Tp—1

However, consider instead ({X,,_; = 0}, A" N{X,_; = 0}) = (P"!,A"!). Because the
standard Euclidean orientation on A™(R) induces the opposite orientation on A" !(R)
{z,_1 = 0}, we consider A""! oriented by the opposite orientation on our chart A""!
{Xo # 0} € P"~!. The recursive formula in Definition 4.1.1 catches this opposite orientation:

2112

dx dz dx dz,,_ dz dz,,_
Tn T Tn—2 Tn Tp-1
dx dz,,_ dx
— LA En2
1 Tp—2 Tn,

4.3.2 The fundamental computation
Let us recall the setting of Theorem 4.3.1. That is, let
e P be a full-dimensional (oriented) polytope in PV,
e W C V be a proper linear subspace such that PW NP is a (possibly empty) face of P,
e 7 : X = Blpy PV — PV be the blow-up, with exceptional divisor F, and
e P C X(R) be the strict transform of P, i.e. the Euclidean closure of 7~ (int(P)).

Since 7 restricts to an isomorphism X \ E = PV \ PW, in particular a diffeomorphism
771 (int(P)) — int(P), the interior mt(P) of P is a real n-manifold, which we orient such
that 7 is orientation preserving. Let P be the Zariski closure of P \ int(7P) inside X. The
following two propositions constitute the key computations for the proof of Theorem 4.3.1.
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Proposition 4.3.8. The exceptional divisor E is an irreducible component of P if and only
if dim Py = dim PW. When dim Py < dim PW, the form n*Q(PV,P) has no pole along E.

Define E>y = EN P. Under the isomorphism E = PW x P(V/W), recall that Eso =
Pw x PV (Proposition 4.3.3).

Proposition 4.3.9. When dim Py, = dim PW, the form m*Q(PV,P) has a simple pole along
E, and under the isomorphism E = PV x P(V/W), its residue along E satisfies

Resp(m*Q(PV, P)) = QPW, Py) A QP(V/W), PY).
Moreover, the pair (E, E>q) is a positive geometry with the canonical form Resg(m*Q(PV, P)).

We record here the following lemma, which, though standard, will be of use in proving
Theorem 4.3.1, Lemma 4.3.12 and Theorem 4.4.5.

Lemma 4.3.10. For a smooth irreducible complex projective variety X of dimension n, if
two meromorphic n-forms on X agree on a Zariski dense open subset, then they agree on X.

Proof. As X is projective, a meromorphic n-form on X is a rational section of the canonical

bundle wy [ , pg. 170]. The lemma thus follows from the general fact that if two rational
sections of a torsion-free sheaf on an integral scheme agree on a Zariski open subset, then
they are equal. O]

We now prove Theorem 4.3.1, reproduced below, postponing the proofs of Propositions
4.3.8 and 4.3.9.

Theorem 4.3.1. Let W C V be a proper subspace such that PW NP is a (possibly empty)
face of P. Let m: X = Blpy PV — PV be the blow-up. Let the strict transform P of P be

P = the Euclidean closure of 7~ (the interior of P) in X (R).

Then, the pair (X, ﬁ) is a positive geometry whose canonical form is 7*Q(PV, P).

Proof. We induct on dimPV. The base case dim PV = 1 holds trivially since PW C PV has
codimension at most 1 so that the blow-up is an isomorphism on all of PV'.

For the general case, without loss of generality, suppose the codimension of PW C PV
is at least 2. We must verify that the residues of 7*Q(PV,P) are the canonical forms of the
boundary components of OP. The boundary components fall into two possible cases: (i) the
strict transform PH of a hyperplane PH C PV such that Py = PH NP is a facet of P, and
(ii) the exceptional divisor E. These are the only possible boundary components because
the boundary components of 9P are its facet hyperplanes, 7 is an isomorphism outside of
E, and n(P) = P.

In the case of (i), by the universal property of blow-ups, the strict transform PH is the
blow-up Blpwrpg PH, whose exceptional divisor Fy is £ N ﬁ, and whose blow-down map
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T PH — PH is the restriction Wlﬁ. Let 7/37{ be the strict transform of Py under 7y,
i.e. the Euclidean closure of 75 (int(Py)) in E’E(R) By the induction hypothesis, the pair
(]P’H PH) is a positive geometry.

To see that (IP’H Py) is a boundary component of (X, 77) as a positive geometry, we first
note that Py is the Euclidean closure of the interior of P N PH in PH (R). Indeed, outside
of the codimension 1 closed locus Ey, the map 7 identifies (P N PH )\ Eg with Py \ PW,
so that P NPH and Py share the interior 7 (int(Pg)). Finally, to verify the appropriate

residue property, note that the Zariski open subset X \ F of X intersects PH in a Zariski
open subset, and 7 is an isomorphism on X \ E. Hence, when restricted to X \ E, we find

Resg#(m"Q(PV,P)) = WZ(RGSPH Q(PV, 73)) = 7TH< (PH, PH)) = (]P)H PH)

The first equality follows because taking residues commutes with pulling back by isomor-
phisms. The second equality follows because (PV,P) is a positive geometry with (PH, Py )
as a boundary component. When we restrict to the Zariski open subset X \ E' we obtain an
equality of rational forms Resg(7*Q(PV,P)) = Q(PH,Py). This extends to an equality on
all of X (see Lemma 4.3.10).

In the case of (ii), if dim Py < dim PW, then by Proposition 4.3.8 the exceptional divisor
E is not a boundary component, and 7*Q(PV, P) has no pole along E. If dim Py, = dim PW,
then by Proposition 4.3.9, the exceptional divisor F is a boundary component with F>q =
E NP, whose canonical form is the residue Resp(m*Q(PV, P)).

We have shown that 7*Q(PV,P) satisfies the recursive property in Definition 4.1.1.
Now, suppose ' is another form with the same recursive property. Then the difference
*Q(PV,P) — € has no poles and is thus holomorphic on X. This difference is necessarily
zero: X has no nonzero holomorphic n-forms because X is rational and the geometric genus
is a birational invariant of smooth projective varieties | , p- 11.8.19]. ]

The rest of this section proves Propositions 4.3.8 and 4.3.9. For both propositions, we
may assume that the codimension of PW C PV is at least 2, since otherwise the statements
hold trivially.

Proof of Proposition 4.3.8. Recall that PN E = Py x PV c PW x P(V/W) by Proposi-
tion 4.3.3. Since dim PV = dimP(V/W) as long as PW NP # 0, we find that P N E is
full-dimensional in F if and only if dim Py, = dim PW. This proves the first statement.

For the second statement, suppose dim Py, < dimPW and let us fix a triangulation
T of P, so that Proposition 4.3.6(b) gives us Q(PV,P) = > ;. QPV,T). We claim that
7 Q(PV,T) has no pole along E for every T" € T, which implies that 7*(PV,P) has no
pole along E. For proof of the claim, let T be the collection of dim PV + 1 many facet
hyperplanes of a simplex 7' € T. Since dim(7' N PW) < dim PW, we find that

(the number of hyperplanes in 9T containing PW') < codimpy PW.

The claim now follows from the following general Lemma. O]
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Lemma 4.3.11. Let Y be a smooth irreducible closed subvariety of codimension at least 2 in
a smooth complex variety X of dimension n. Let w: X' = Bly X — X be the blow-up with
exceptional divisor E. For a collection D of (distinct) smooth irreducible divisors Dy, ..., Dy,
m X, let

multy D = the number of D; containing Y .

If multy D < codimy Y, then for any meromorphic n-form € on X with at most simple
poles along D+, ..., D,,, the pullback 7€) has no pole along E.

Proof. Since 7 restricts to an isomorphism on 7—}(X \ Y), it suffices to verify that, for any
point ¥ € Y and an analytic neighborhood U > y in X, the restriction 7*Q|;-1(¢y has no
pole along E. Since Y and Dy, ..., D,, are smooth, shrinking U if necessary, we may choose
coordinates x1, ..., x, of U to have U C A™ and y = (0,...,0) such that Y|y is the subspace
L ={xg41 = -+ =z, = 0} and each D;|y is either empty or is the hyperplane {H; = 0}
for some linear function H;. Suppose Di|y, ..., D¢y are nonempty. By the assumption that
multy D < codimy Y = n—k, at most n—k —1 of the functions H, ..., H, satisfy H;|, = 0.
We now carry out the blow-up computation. We have

Bl U = {((xl, oy Tn)y Year oo Yn]) | z;Y; = z;Y; for all i,j} Cc UxPprkt
and 7 is just projection onto the first factor. We work in the affine open chart
U' ={Y,#0} CBI.U,

where U’ is considered as an open subset of A" via local coordinates 1, ..., Tr, Yrr1, -+ Yn_1, Tn
given by y; = % A point
n

(1'1, o Tl Yk+1s - - -y Yn—1, an) S U/
corresponds to
(1, ooy Thy Ykt 1Ty« -+ s Yn1Tm, L), [Ykt1 = -+ 2 Yn—1 : 1]) € Bl U.
(

In this chart, the blow-down map 7 : U — U sends

(1, e oy Thy Ykl - - > Une1s Tn) H> (T2 oy Thoy Ykt 1Ty« + 5 Yn1Tmy Ty )- (4.1)
Since (2 has at most simple poles along the D;, we have Q| = H{ (x}ﬁ dxy - - - dz, for a holomor-

phic function fon U C A™. Writing g(x, y) for the function f(z1,..., Tk, Yss1Tn, - - -, Yn—1Tn, Tn)
on U’, we have

g(z,y) dey A+ Adxg A d(yYpr12,) A Ad(Yn—12,) A dxy,

Hle Hi(xy, oo Ty Ykt 1Tny -+ s Yn 1T, Tny)
glx,y) - a7 F "V day Ao Adzg Adygpr A A dypa Ady,

]
Lo Hi(x1, oo Tk Ykt 1Ty - -+ Yn—1Zy L)

(7 Q)

U
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Since the exceptional divisor E on our chart U’ is given by {z,, = 0}, we now verify that
(7r* Q) |U, has no poles along {x,, = 0}. As at most n—k — 1 many of the H; satisfy H;|, =0,
we find that at most n — k — 1 many of the H; satisfy

xp, divides Hy (@1, ..., Ty Ybt1Tny - -+ Yn—1Tn, Tny)-
Therefore, we have at most n — k — 1 factors of x,, in the denominator of (7r* Q) p above,
which are canceled by z7~*~! in the numerator. O

For the proof of Proposition 4.3.9, we prepare by first considering the case when P is
a simplex. One may deduce Lemma 4.3.12 by using the fact that projective normal toric
varieties are positive geometries | , Section 3.6], but we provide an elementary proof.

Lemma 4.3.12. Proposition 4.53.9 holds when P is a simplez.

Proof. By a linear change of coordinates, we can assume that P is the standard simplex
A" C P*(R), and that the linear subspace PWW we are blowing-up is the subspace { Xy =
-+ = X, = 0} € P*. Note that both the face Py C PW and the normal polytope
PW C P(V/W) are the standard simplices in P¥ and P"*~! respectively. Performing a
linear change of coordinates if necessary, we may moreover assume that the orientation of
the interior of P = A™ C P*(R) is compatible with the standard orientation on the real
points of the affine chart A" = U = {X, # 0} C P" with coordinates x; = ;(—0

Let Q(A™) be the canonical form of (P", A™). Under the blow-up 7 : Blpy P* — P", and
the identification £ = P¥ x P"*~! we show that 7*Q(A") has a simple pole along E, and
that Resg m*Q(A") = Q(A*) A Q(A" 1), By Lemma 4.3.10, it suffices to show these on a
Zariski dense open subset U’ of Blpy P™ such that U’ N E is nonempty (and hence dense in
E). To this end, consider the affine chart A" = U = {X, # 0} C P", over which we have
Bly A" = 7= Y(U) where L is the subspace {zy41 = ... = x, = 0}. Recalling that

we consider the affine open chart U’ = {Y,, # 0} in Bl A”. As in the proof of Lemma 4.3.11,
let z1, ..., %k, Yrs1, .-, Yn_1, T, be local coordinates on U’ given by y; = YLH The exceptional
divisor E is given by {x,, = 0} in this chart, and the blow-down map = : A" 2 U’ — U = A"
is as in (4.1).

The determinant of the Jacobian matrix of this map is a power of x,,, and is thus positive
when x,, > 0. Consider the standard orientation on U’(R), given by the ordered coordinates
(T4, s Tl Yktts - - - s Yn_1, Tn). Since the points in int(P) and 7~ (int(P)) satisfy x, > 0,
this orientation is compatible via 7 to the standard orientation on U(R) that we picked,
which was given by the ordered coordinates (x1,...,z,).
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By Proposition 4.3.6(c), the canonical form 2 = Q(P", A") is given by Q|y = dx—:’? ARERW
Cif—n”. Thus, the pullback 7*€2 in the local coordinates on U’ is

(= )|, doy o doe d(genzn) o dYee12a) o

Ty T Ye+1Tn Yn—1Tn Ty,
dx dx d dy,— dx

= 1/\ /\_k/\ﬂ/\.../\ ynl/\_”_
T1 Ty Yk+1 YUn—1 Tn

In particular, the pullback has a simple pole along {z,, = 0} = ENU’, as desired. We
compute the residue along E:

(ResE(W* Q)) ‘EQU, = Res(z, —0} ((7r* Q)]U/)

= <%/\/\%) A (dka /\.../\dy"_1>
T Ty Yk+1 Yn—1

— Q(]P)k, Ak)’XO#O A Q(]Pmikil, Anfkfl)’Y 0

= (Q(Pw) A Q(PW))

}EHU”

where the third and fourth equalities are justiﬁed as follows. For P¥ with homogeneous
coordinates Xy, ..., X}, the form d;l ARREWA Cg”—’“ is the canonical form Q(P* AF) restricted
to the chart A*¥ = {X, # 0} C P* with the standard orientation. Similarly, for P?%-1
with homogeneous coordinates Yj.q,...,Y,, the form C;yk“ Ao A ‘Zy" 11 is the canonical
form Q(P"~F=1 An=k=1) restricted to the chart A"*=1 > [y, £ 0} C P* with the standard
orientation. Under the natural identification E = P* x P"*~1 our open chartt ENU' C E
corresponds precisely to the product of these charts A* x A"~%=1 c P¥ x P"~*~1 Hence, the
standard orientations on the two affine charts A* and A" *~! induce the standard orientation
on AF x AnF=1 = A=l =~ N ', which is the orientation induced by the restriction of our
standard orientation on U’ to the boundary ENU’ = {z,, = 0} (see Remark 4.3.7). O

Proof of Proposition 4.3.9. Fix a triangulation 7 of P. By Proposition 4.3.6(b), we have

Q(PV,P) ZQIP’VT
TeT

Let 70! = {T € T | dim Ty = dim PW}. By Proposition 4.3.8, if T ¢ T™! then 7*Q(PV, T)
has no pole along the exceptional divisor £. Thus, applying Lemma 4.3.12 to simplices in
THl we find

Resp(n"Q(PV,P)) = > Resp (m"QPV,T)) = > QBW,Tw) AQP(V/W),T").
TeTfal TeTl

Since dimPW = dim Py, Lemma 4.3.5(a) implies that the collection Ty = {Tw | T €
THI is a triangulation of Py, and Lemma 4.3.5(b) implies that for any simplex F' in the
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triangulation Ty of Py, the collection TWF = {TW | T € T satisfying Ty = F} is a
triangulation of P". Thus, we compute that
Resp(m"QPV,P)) = > QPW,Tw) AQEB(V/W),T")
TeTtull

=Y D QPW,Tw) AQPV/W),TV)

FeTw Te7tull
Toy=F

=) QPW,F)A| Y Q@V/W),TV)
FeTw TeTh!
o

= 3" Q@EW,F) A Q (BV/W),PY)

FeTw

— (Z Q(PW, F)) AQ(P(V/W),PY)

FeTw
=Q(PW,Pw) A Q(BV/W),P").

Here, for the fourth and sixth equalities, we used Proposition 4.3.6(b) applied to the tri-
angulations Ty and T of (PW, Py,) and (P(V/W), PWV), respectively, which are positive
geometries because Py C PW and PV C P(V/W) are full-dimensional polytopes.

Lastly, that (E, F>¢) is a positive geometry with the canonical form Resg(m*Q(PV,P))
now follows from Lemma 4.3.13 below, which states that products of positive geometries are
positive geometries. O

Lemma 4.3.13. [ , Section 2.3] If (X, X>0) and (Y,Y>o) are positive geometries with
canonical forms Q(Xso) and Q(Ys), respectively, then (X x Y, Xso X Ys¢) is a positive
geometry with canonical form Q(X>o) A Q(Y>o).

We will use Lemma 4.3.13 again in Theorem 4.4.5.

4.4 Blowing up a sequence of faces

In this section we prove Theorem 4.1.4, our main result. In Section 4.4.1, we prepare by
recording facts about the boundary structure of a wonderful compactification X 5 and a won-
dertope PB. In Section 4.4.2, we prove the main theorem via Theorem 4.3.1 and induction.

4.4.1 Wonderful compactifications and their boundaries

Let B be a set of proper linear subvarieties of PV. We fix an ordering B = {PW4, ..., PW,}
such that 7 < j if W; C W;, and consider the sequential blow-up

s . PVB = Blka( " (BIIP’WQ (Blle PV)) T ) — PV
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(As before, we repurpose the notation to write PW; also for its strict transform in Blpy, PV,

and similarly for PWs, ... PW,).

Assume now that B is a building set (as in Section 1.2). In this case, De Concini and
Procesi called X5 the wonderful compactification of the arrangement complement PV \ (| B),
and showed that its boundary has the following structure. For PW € B, define

By ={FNPW |FcBand F 2PW} and
BY = {P(W /W) CP(V/W) | PW € Band W D W},

and let By C X7 be (the strict transform of) the exceptional divisor of the blow-up at PW.

Proposition 4.4.1. [ , Theorem 4.3] For PW € B, both By, and BY are building sets
in PW and P(V/W), respectively, and there is a natural isomorphism

Ey = PWB x P(V/W)E"
along with a commutative diagram of natural maps

X5 ¢ = By = PWBw x P(V/W)B"

lﬂg lﬂ—BWXWBW

PV ¢——— Blew PV +—=— E = PW x P(V/W)

In analogy with Proposition 4.4.1, we show that a wondertope has a similar boundary
structure, as follows. Let P C PV be a full-dimensional polytope, and assume further now
that B satisfies the property:

for every I’ € B, the intersection F' NP is a (possibly empty) face of P.

Let P? be the Euclidean closure of 75 (int(P)) in XB(R). This is technically not a wonder-
tope since we have not yet assumed that all facet hyperplanes of P are in B. In the following
two lemmas, we will record some properties of the boundary structure of P5.

For PH C PV a hyperplane such that Py = P NIPH is a facet of P, we define
By ={FNPH|Fe€Band F 2PH},

whose ordering is inherited from the order on B. Let PH be the strict transform of PH under
g, which by the universal property of blow-ups is isomorphic to the sequential blow-up

T, : PHPY — PH.
We define
fb\ﬁzo = the Euclidean closure of the interior of P N PH inside PH (R), and

By

Py " = the Euclidean closure of 7, (int(Pp)) in PH B (R).
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We caution that By may not be a building set in PH, so we will soon impose an additional
condition on B (see Definition 4.4.4) when we prove Theorem 4.1.4. Moreover, we caution

that taking FEuclidean closure of the interior in the definition of I/P\]-jzo is necessary for the
following lemma: otherwise, the intersection P? N PH (without taking the closure of the

—~—B
interior) may not be equal to Py H, so the following lemma would fail. This is illustrated
in Example 4.5.5.

— — ~B
Lemma 4.4.2. Under the isomorphism PH = PHB#  we have PH~y = Pu "

Proof. Since the exceptional locus intersects PH in a subset of codimension at least 1, we can
detect (a dense open subset of) the interior of P5N PH inside PH (R) by looking away from
the exceptional locus. We note that 75 is an isomorphism away from the exceptlonal locus.
Therefore, outside of the exceptional locus, we know that PZNPH is given by 5 (PNH) =

75 (Py). So a dense open subset of int(P8 NPH) is given by 75 (int(Pg)). We know that,
restricted to PH, our wonderful compactification mg looks like 75, : PH = PHP# — PH, so

75 (int(Py)) = 75, (int(Pp)) = int(ﬁ;{BH). Therefore,

closure in PH Tclosure in PHBH

PH-o = int(P5 N PH) —nt(Py ") — P 0

Let PW € B be a linear subspace intersecting our polytope P along a face Py = PNPW,
and let Ey be (the strict transform of) the exceptional divisor in X% corresponding to PW.
Let

Ew > = the Euclidean closure of the interior of PE N Ey inside Ew(R).

Lemma 4.4.3. Under the isomorphism Ey = (PW)BW x P(V/W)E" | we have

—~Bw —BW
EW,ZO = PW X PW

In particular, the subset Eyw >o is full-dimensional in Eyw if and only if dim Py = dim PW.

Proof. Asin Lemma 4.4.2, because the rest of the exceptional locus intersects Ey in a subset
of codimension at least 1, we can detect a dense open subset of int(P® N Ey) by looking
away from this additional exceptional locus. Away from the exceptional locus corresponding
to B\ {PW}, our blow-up 75 looks like (a dense open subset of) a single blow-up

W . Blpw]PV — P‘/,

with exceptional divisor £ = PW x P(V/W). Therefore, we know that, away from the
exceptional locus of B\ {PW}, PZ N Ey is given by PIFW} N E. So (a dense open subset
of) the interior int(P? N Ey ) is given by (a dense open subset of) int(Py) x int(P") C
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PW x P(V/W) = E, according to Proposition 4.3.3. In particular, this is empty if Py, is not
full-dimensional in PW. So let’s assume that dim Py, = dim PW. Under the canonical map

T Bw

X Tgw : (EW > PRBw IP’(V/W)BW> — (E=PW x P(V/W)),

——B ——BW
the inverse image of int(Py) x int(P") is precisely int (PW W) X int (PW >, and so

closure in Ey

EW720 = int <73W N Ew>

— int (%Bw> % int <5V§ BW)

closure in PWBw XIP(V/W)BW

4.4.2 Proof of the main theorem

We are now ready to prove Theorem 4.1.4. We in fact prove a stronger version, stated
as follows. Let P C PV be a full-dimensional polytope. Let B be a set of proper linear
subvarieties of PV satisfying the following properties stated in the introduction:

e for every F' € B, the intersection F'N P is a (possibly empty) face of P, and
e 5B is a building set.
Furthermore, we relax the condition (2) stated in the introduction to the following.

Definition 4.4.4. We say that such a set B is well-adapted to P if either dimPV =1 or,
otherwise, B further satisfies the recursive property:

e for every facet hyperplane, i.e. a hyperplane PH C PV such that Py = P NPH is a
facet of P, the set By is a building set in PH and is well-adapted to Pp.

We prove the following theorem.

Theorem 4.4.5. Let B be well-adapted to P. Then, the pair (X5, 738) 1S a positive geometry
whose canonical form is the pullback mxQUPV,P) of the canonical form of (PV,P). The
boundary components of (XB,ﬁB) are the exceptional divisors Er for F' € B such that
dim(P N F) = dim F', together with the strict transforms of the facet hyperplanes of P that
are not in B.

Proof of Theorem 4.1.4 from Theorem 4.4.5. If B contains all the facet hyperplanes of P,
then By is a building set in PH by Proposition 4.4.1. Moreover, By contains all the facet
hyperplanes of Py, since a facet hyperplane of Py is an intersection of PH with another
facet hyperplane of P. Hence, the set B is well-adapted to P in this case. In particular,
Theorem 4.4.5 contains Theorem 4.1.4 as a special case. O
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Remark 4.4.6. If B consists of linear subspaces that intersect P along (possibly empty)
faces and that are closed under intersection (i.e. if F, F" € B then F N F' € B), then B
is a building set, and By is intersection-closed for any hyperplane PH. Hence, the set B
is well-adapted to P. In this intersection-closed setting, Brown | , Section 5] calls the

wondertope PB4 “blow-up of a polyhedral linear configuration” and describes the structure
of its boundary divisors.

Theorem 4.4.5 fails without the hypothesis that B is well-adapted to P, even if B is a
building set; see Example 4.5.7.

Proof of Theorem 4.4.5. We induct on dimPV. The base case dim PV = 1 holds trivially
since the blow-down map is an isomorphism onto all of PV in that case.

For the general case, we must verify that the residues of 7*Q(PV,P) are the canonical
forms of the boundary components of OP. The boundary components come in two cases: (i)
the strict transform PH of a hyperplane PH C PV such that Py is a facet of P and PH ¢ B,
and (ii) the exceptional divisor Ey, for PWW € B. That there are no more boundary compo-
nents follows from the fact that the boundary components of 9P are its facet hyperplanes,
mp is an isomorphism outside of the exceptional locus Jpy s Ew, and 7r3(756 )="P.

In the case of (i), by the universal property of blow-ups, we have PH ~ PHB , With mgg
identified with the restriction mg|g3. By the induction hypothesis, the pair (I@E, 75;1611) is a
positive geometry with canonical form ﬂ;‘;HQ(PH ,Prr). The pair is also a boundary compo-
nent of (PV5, PB) by Lemma 4.4.2. To verify that Resgy; mQUPV, P) = w5 QUPH, Py), by
Lemma 4.3.10, it suffices to do so on the Zariski dense open subset U = PV®\ (Upyyep Ew ),

which restricts to a Zariski dense open subset in PH. Indeed, since 75z is an isomorphism on
U, we find that over U, we have

Resgz (m5QUPV, P)) = 75, (Respy Q(PV, P)) = 75, (UPH, Py)).
In the case of (ii), we first note that it suffices to consider only PW € B such that
dim Py = dim PW. Indeed, if dim Py, < dim PW by Proposition 4.3.8 and the commutative
diagram in Proposition 4.4.1, we find that 7*Q(PV,P) has no pole along Ey,. Meanwhile,

Lemma 4.4.3 implies that Ey > is not full-dimensional if dim Py < dim PW.
When dim Py = dim PW, by the induction hypothesis and Lemma 4.3.13, the pair

B v 5 Bw S8
(IPW v x P(V/W)" Py~ xPW )
is a positive geometry. By Proposition 4.4.1 and Lemma 4.4.3, we have an isomorphism

——B NBW
(Ew, Ew.>0) = (PWBW x P(V/W)EY Py x PW > :

and in particular (E, Ey o) is a boundary component of (PV5, P5).
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To verify that Q(Ew, Ew,>0) = Resg,, 5PV, P), by Lemma 4.3.10 it suffices to do
so on the Zariski dense open subset Uy = PVE\ (U pwres Fw-), which restricts to a
PW'APW

Zariski dense open subset in Ey,. Indeed, on Uy, Proposition 4.4.1 identifies Fy with the
exceptional divisor F of the blow-up my : Blpy PV — PV, and hence, over Uy, we have

Resg,, m5Q(PV,P) = Resg my, Q(PV, P)
= Q (PW x P(V/W), Py x PV)

— —BW
=0 (]P’WBW < P(V/WYBY Py 5 P )

where the second equality follows from Theorem 4.3.1, and the last equality follows from
that the pair (E, E>o) in Theorem 4.3.1 coincides with the pair (Ew, Ew,>o) on Uy .

Lastly, the uniqueness of the canonical form follows from the rationality of X7, similarly
to the argument at the end of the proof of Theorem 4.3.1. [

4.5 Examples and questions

In Section 4.5.1, we give a detailed account of how our Theorem 4.1.4 recovers a result
about the moduli space of pointed stable rational curves. In Section 4.5.2, we collect several
examples where a blow-up of a positive geometry does not result in a positive geometry. In
Section 4.5.3, we detail an example that both illustrates Theorem 4.3.1 and provides ways
to produce pathologies. We finish with an example with a view towards a generalization of
Theorem 4.4.5 to a setting beyond polytopes.

4.5.1 Motivating example: M, ; and the braid arrangement

Let MO,nJrl be the moduli space of stable (n + 1)-pointed rational curves; we point to
[ , Chapter 1] as a reference. In | , Proposition 8.2], the authors show that
(Moni1, (Moni1)>0) is a positive geometry, using theory developed in | , Proposition
2.7]. Our work provides a self-contained proof of this fact by viewing Mg, as a certain
wonderful compactification of the braid arrangement complement.

My 41 as the braid arrangement complement

The space My, 11 is the moduli space of n + 1 distinct points 2o, z1,...,2, in P!, up to
projective linear transformations of P'. Fixing (20, z,_1,2,) = (0,1, 00) allows us to write

M07n+1 = {(21,22, .. ,Zn,Q) < (]P)1>n72 12 # 0,1,00 and z; % Zj for i % j}
> {(21,22,. .., 2p—2) €A™ 21 2; #£ 0,1 and 2; # z; for i # j}.
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Let V= R"/R - (1,1,...,1). Recall that the rank (n — 1) braid arrangement A,_,
consists of the image of the hyperplanes {z; —z; =0} C R" in PV for 1 <i < j < n (see
for example | , Ch. 1].)

It is well-known that Mg, is isomorphic to the complement C(A,_1) := PV \ 4, of
the braid arrangement. We will go through this isomorphism in detail because it is useful in
deriving the Parke-Taylor form from Corollary 4.1.5.

Consider V' = R"! with basis given by the images & € V of the standard basis vectors
e; € R" for 1 < i < n. The projectivization PV = P"~2 thus consists of non-zero points
Y161+ - -+ Yn_1€,_1, modulo scalar multiplication. The image of the hyperplanes {z; —x; =
0} € R™ in PV are the hyperplanes {y; = 0} for 1 < ¢ < n —1 and {y; —y; = 0} for
1 <1< j <n—1. Therefore, the complement C'(A,,_1) can be written as

C(An) ={lyier + -+ yn18n7) EPV 1 y; £ 0 and y; # y; for i # 5}
o {[yl : ~--:yn_1] E]Pm—2:yi7é0andyi7§yj fori;éj}.

The isomorphism C(A,—1) = M ,+1 then follows via the change of coordinates z; = v;/yn—1
for 1 <7 <n — 2. Indeed, we obtain:

C(An) 2 {[z1 i 1200 1] €P" %1 2 # 0,1 and z; # z; for i # j}
= {(21,22,...,Zn_2) ER™?: 2 #0,1 and z; # z; for i ;éj}

Wonderful Compactification

Under the correct choice of building set for C'(A,,_1), the corresponding wonderful compact-
ification is isomorphic to the Deligne-Knudsen-Mumford compactification Mg 41 | ,
Remark 4.3.(3)]. This building set is called the minimal building set B™", defined as

Bmin::{IP’W:W:{le:xj2:---:xjk}for()gjl<---<jk§nandk22}.

There is a nice combinatorial restatement of this story. Let Z(A,_1) be the poset with
elements given by intersections of hyperplanes in A,_;, ordered by reverse inclusion. It is
in fact a lattice, and is well known to be isomorphic to II,, the lattice of set partitions of
[n] :={1,2,--- ,n}, ordered by reverse refinement. Under this isomorphism, the set partition
7 corresponds to the subspace W where x; = x; in W if and only if ¢, j are in the same block
in 7. For example, the set partition {13 | 246 | 5} corresponds to the subspace in .Z(As)
where ©1 = x3 and z9 = 14 = 6.

We will repurpose notation and refer interchangeably to W € Z(A,,_1) and the corre-
sponding set partition in II,. In this language, the minimal building set is

Bminz{{jl,b,---,jkul |---|u}:kz2}.

Figure 4.2 shows . (A3) = I14, with the elements of B™" colored in red.
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24)1/3
1)213]4
Figure 4.2: The lattice of flats £ (A3) = 1. The flats in B™" are drawn in red.

The boundary components of My, 11 are well-studied. In particular, there are 2" —n — 2
divisors, each of which factors as a product Mo,k X MO,Mg,k for some 3 < k < n. In the lan-
guage of Section 4.4.1, this says that for any PW € B™» both PW&™)w and P(V/W)E™™
are isomorphic to copies of Mg, for some 3 < k < n. From the perspective of hyperplane
arrangements, this is equivalent to the statement that the restriction and contraction ar-
rangements of A,_; by W € B™" are isomorphic to smaller braid arrangements.

Wondertopes and the Parke-Taylor form

There are n!/2 regions in C'(A,_1) = My ,+1. The symmetric group acts transitively on these
regions by permuting the standard basis vectors of R"™, which gives an automorphism of PV
preserving the hyperplanes in A,,_;. Thus, without loss of generality, we need only consider
a single region in either space.

Each region in My, corresponds to an ordering of the points zg, 21, . .., 2, on P!(R),
up to orientation. As before, fix (2o, 2,1, 2,) = (0, 1,00) and consider the region

(MO,n+1)>0 = {0 < <2< < zZpo< 1} (42)

To see this region as a simplex, define new coordinates x; for 1 <i <n — 2 by:

21 ifi=1
€T i — . )
Zi — Zi—1 lfQSZSTL—Q
Under this linear change of coordinates, M 41 becomes

Mo py1 = {(21,22,...,,2”,2) eR"2: 2 #0,1and z # 2j fori;éj}
= {(xh,,,,:z:n_g) ER”iQ::L‘l—I—-"—F(Ei#l andxi+xi+1+---+xj750f0r aHZSJ}

Then the region in (4.2) is the interior of a simplex in R"2, defined via the following
inequalities:

(M07n+1)>0 = {(ZL’l,l’g, Ce ,ZL’n_Q) S Rn_Q cx;>0foralliand oy + 29+ - + 252 < 1}
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Considering R"? as an affine chart of P""(R), the Euclidean closure (M ,41)s0 of
(Mo,nt1)>0 becomes a simplex in P""?(R). According to Proposition 4.3.6 (c), the pair
(]P’”_2, (Mo,nﬂ)zo) is a positive geometry with canonical form given (up to sign) by

dl’ldl’g cee dIn_Q

Q"2 (Mons1)z0) = (4.3)

Ty Tyl =2y — - _xnf2)'

Recall that Momﬂ is the wonderful compactification of M 41 with respect to the min-
imal building set B™" described in Section 4.5.1, and let (Mg,41)>0 be the strict trans-
form of (M ,,+1)>0 under this compactification. Figure 4.3 shows an affine-local picture of

C(As) = M5 and Moﬁ, together with the regions (Mys)>o and (Mos)s0. (The singletons
are dropped from the partition notation for simplicity.)

Figure 4.3: A region (a simplex) in M5 = C(A3) in P? (left) and its wondertope (Mos)>0
(an associahedron) in My 5 (right)

By Theorem 4.1.4, (Ho,nﬂ, (MO,nJrl)ZO) is a positive geometry with canonical form

QU Mopni1, Moni1)s0) = 7 Q(P"2, (Mont1)>0),

where 7 denotes the blow-down map, as usual. Therefore, on an appropriate local chart where
7 is the identity (i.e. away from the exceptional locus), the canonical form Q(M om+1, (M 07n+1)20)
is given by (4.3). Substituting back the original z; coordinates gives

le dZQ cee dZn_g

(21— 20)(22 — 21)(23 — 22) (201 — 2Zn-2)’

Q(MU,TL+17 (MO,nJrl)zO) = (44)

where as before, (29, 2n—1, 2,) = (0, 1,00). The form in (4.4) is known in the physics literature
as the Parke-Taylor form | , §8.2]. The Parke-Taylor form can also be written in
terms of dihedral coordinates introduced by Brown in | |; see | , §2] for a detailed
example of M(]’g).

It turns out that (MO,nJrl)ZO is homeomorphic, as a stratified space, to the face stratifica-
tion of the n-associahedron | ], a convex (n — 2)-dimensional polytope whose vertices
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are in bijection with triangulations of an (n+ 1)-gon. The associahedron plays an important
role in algebraic combinatorics, topology, and representation theory; an interested reader
should look at [ ] and the references therein. For example, the wondertope (Mg 5)>o in
Figure 4.3 is combinatorially isomorphic to the 4-associahedron (a pentagon), whose vertices
are in bijection with the triangulations of a 5-gon (also in this case a pentagon).

4.5.2 Non-examples

We collect a series of examples where a blow-up of a positive geometry is not a positive
geometry, illustrating the necessity of the conditions in Theorem 4.4.5. To this end, we first
note that (P*,P1(R)) is not a positive geometry. Indeed, the nonnegative part P!(R) has no
boundary, so that the canonical form has no poles, but P! has no nonzero 1-form with no
poles. The pair (P!, P!(R)) is instead a pseudo-positive geometry as in | , Section 2.2].

Example 4.5.1. We first give an example where we blow up a point in the boundary of
a polytope which is not itself a face. Consider a triangle T in P?(R) and a point p in the
interior of an edge. Let 7 : Bl, P? — P? be the blow-up.

Note that T contains all normal directions (up to sign) at p. Thus, the Euclidean closure
of 7= (int(7")), denoted T contains the entirety of the exceptional divisor E(R). See Figure
4.4 for an illustration. In particular, we find that E-, the Euclidean closure in E(R) of
the interior of TN E, is all of E(R) 2 PL(R), so that the boundary component (E, Esq) =
(P!, PY(R)) is not a positive geometry. The pair (Bl, P?, T) is thus not a positive geometry.

/

. /’

Figure 4.4: A triangle with point p (left) and its blow-up (right)

o

The next two examples illustrate that Theorem 4.4.5 does not generalize easily to the
setting where the initial positive geometry is (P",P) for P a polyhedral complex instead of
a polytope.

Example 4.5.2. Consider the positive geometry consisting of the three triangles in P?(R)
illustrated in Figure 4.5. Let us consider blowing up the point p. As in Example 4.5.1, every
normal direction (up to sign) to p is present in at least one polygon, so that once again we
have Fso = E(R) 2 P(R) and so (E, E>¢) is not a positive geometry.
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In this example, every log resolution of our positive geometry is not a positive geometry.
Indeed, let D be the union of the three lines through p, which is not a simple normal crossing

divisor. By | , Proposition V.5.2], any log resolution of the pair (P?, D) must factor
through the blow-up at p, which we have shown not to be a positive geometry. o
p

Figure 4.5: Three triangles meeting at a point

Example 4.5.3. Even if the polyhedral complex is connected in codimension 1, the resulting
blow-up may not be a positive geometry. For example, consider four cubes arranged in a
“staircase” and meeting at a point p, as in Figure 4.6. The boundary components of this
polyhedral complex have a simple normal crossing at p, but the blow-up of p is not a positive
geometry. Indeed, because the polyhedral complex contains all normal directions to p, we
again find E>y = E(R). Moreover, in this case, E(R) = P?*(R) is not orientable, so we do
not even get a pseudo-positive geometry. o

Figure 4.6: Four cubes meeting at a point

Remark 4.5.4. Examples 4.5.2 and 4.5.3 hint at the fact that, if one hopes to prove a more
general statement about a positive geometry (X, X>¢) remaining a positive geometry after
blowing-up a boundary stratum, some “convexity condition” on the semialgebraic set X
is required. We caution that the notion of “corners” in [ , Definition 2.16] does not
capture this necessary behavior in our setting as, for instance, the point p in Example 4.5.3
is a corner.
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4.5.3 A detailed example

We feature one example in detail, which will illustrate behaviors such as:

(i) Without the condition that a collection B includes all facet hyperplanes of P, the
boundary components of the pair (PV?,P?) may not be simple normal crossing, even
though the pair is a positive geometry.

(ii) As cautioned above Lemma 4.4.2, for a facet hyperplane PH of P, the intersection
~ ~ B
PBNPH may not be equal to Py i

(iii) Without the condition that a collection B is well-adapted to a polytope P, even if B
is a building set, the pair (PV5, P?) may not be a positive geometry.

All of our examples will be variations on a square pyramid P in P3(R).

Example 4.5.5. This example will illustrate the behaviors (i) and (ii) mentioned above. Let
P be a square pyramid in P3(R). Let p be the cone point of P. Consider the blow-up BlyP3,
where Y is the line through points p and ¢ as labelled in Figure 4.7. Note that the collection
{Y'} is trivially a building set which is well-adapted to P. However, this collection does not
contain the facet hyperplanes of P. In this case, the pair (Bly P3, ﬁ) is a positive geometry
by Theorem 4.3.1, but we claim that its boundary components do not form a simple normal
crossing divisor, and that the face poset of P is not isomorphic to the face poset of any
polytope.

Let Fi,..., Fy be the four triangles of the pyramid P, with F}, F5 in the back and F3, F}
in the front. The exceptional divisor £ of the blow-up is isomorphic to Y x P!. Using
Proposition 4.3.3 to compute the strict transforms P, F}, ..., Fy of the polytopes, we find
that they are as pictured in the right side of Figure 4.7. The nonnegative region Fsq is the
quadrilateral in the back with the colored boundary.

. p (p;c)

Fy Fy

3

Figure 4.7: A square pyramid with cone point p (left) and its blow-up (right)

Let H; be the hyperplane containing F;, and E its strict transform in the blow-up. Under
the isomorphism F = Y x P! we have HsNE = HyNE = {p} x P!, since H3 and H, are



90

hyperplanes both intersecting Y only at p. When restricted to 7/5\,/ these intersections are
pictured in blue in Figure 4.7, which is a union of boundaries of F3 and Fj. In particular,
the positive geometry of P has three 2-dimensional boundary components Hs, Hy, and F
whose common intersection is the 1-dimensional {p} x P!. Such an intersection is not simple
normal crossing, and such behavior does not happen in a 3-dimensional polytope: no three
facets of any 3-dimensional polytope meet in a common line.

Lastly, we see that P N Hy(R) is the region colored purple in Figure 4.8, which con-
tains an additional segment in Es, when compared to 73\1{/4, colored green, illustrating the
behavior (ii). o

Figure 4.8: The semialgebraic subsets 73;4 (left) and P N E(R) (right)

Example 4.5.6. Using the notation from Example 4.5.5, let us consider the collection
{Y, Y’} where Y’ is the line obtained by the intersection H3 N Hy, i.e. the “opposite line” to
the line Y in the pyramid. Note that this collection is not a building set, since the intersection
Y NY’ = {p} has codimension 3 in P?, whereas Y and Y’ each have codimension 2. In the
second blow-up of the sequential blow-up Blys Bly P?, the boundary component (E, Fsg) of
(Bly P3, 75) is blown-up at the point labelled (p, ¢), which is not a positive geometry for the
same reason as in Example 4.5.1 (i.e. because we are blowing-up a point in the interior of
an edge). In particular, the sequential blow-up is not a positive geometry. o

Example 4.5.7. We now give an example illustrating (iii). In other words, we show that B
being a building set is insufficient, and the well-adapted condition on B is necessary for the
blow-up to be a positive geometry.

Consider a four-dimensional polytope P, which is a pyramid over a triangular prism. Its
set of vertices and a Schlegel diagram are given in Figure 4.9.

Let Fy, Fy, and H be the linear spans of the vertices (considered as vectors in R* via
R* = {X, # 0} C PYR)) labelled by {2,4,5},{1,4,6}, and {0,1,2,3,4}, respectively.
Note that P NIPH recovers the square pyramid. Consider the set B = {F}, F»}, which is
a building set; indeed, the codimensions of F; and F; add to the codimension of Fi N Fj.
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Figure 4.9: A Schlegel diagram of P. Vertex 4 is the top of the pyramid. The ordered
vertices can be given coordinates {0000, 1000, 0100, 1100,0010,0001,1001} in R* C P4(R).

However, By = {Fi NPH, 5 NPH} recovers the two opposite lines of Example 4.5.6, which
we have seen is not a building set in PH, and does not result in a positive geometry. o

4.5.4 A further example

We provide one non-polytopal example where the blow-up of a boundary stratum results in
a positive geometry.

Example 4.5.8. Consider the semialgebraic set
S={X:Y:Z:WePR)|W>0 and ZW —Z W -Y,Y — X* >0} C P(R).

Consider the affine chart U := {W # 0} C P? with dehomogenized coordinates z =

%, Y= %, and z = % Our set S is a full-dimensional semialgebraic subset of U(R) = A3(R),

cut out by the following inequalities:
0<z<1 and $2§y§1.

The pair (P3,S) is a positive geometry with canonical form Q = Q(P?, S) given by
2
(y—2*)(y —1)z(z — 1)

The subvariety Y := V(Z, YW —X?) C P? is the intersection of the boundary components
{Z =0} and {YW = X?} of (P3,5). Figure 4.10 depicts the two boundary components and
their intersection in our affine chart U = {IW # 0}. The blow-up Bly P? has exceptional di-
visor B/ = ]P)(Nyupﬁ) = Bl P2, which is not isomorphic to a product of two projective spaces.

Q‘U: dxdydz.

Computations in affine-local coordinates show that (Bly IP3, S ) is a positive geometry with

canonical form 7*().
o
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Figure 4.10: Left: The boundary components {z = 0} in green and {y = x?} in orange, and
their intersection Y = V(z,y — 2?) in blue. Right: The exceptional divisor £ of Bly P? in
grey and its nonnegative part E> in blue.

Remark 4.5.9. Example 4.5.8 indicates a possible future direction of study: one can inves-
tigate whether blow-ups of polypols (see [I[<oh-+25]) are positive geometries.

In Part I, the study of Grasstopes and exterior cyclic polytopes demonstrates how the
topology and convex geometry of amplituhedron-like objects depend sensitively on positivity.
This last chapter has taken a more algebra-geometric approach, and demonstrates that
positive geometries in the sense of [ABL17] do not in general have log resolutions. We
emphasize that the foundations of the field of positive geometry are still being written.
Indeed, the work of [BD25] builds a new framework in which log resolutions are automatic.
We are excited by this new perspective.
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Chapter 5

The Chow—Lam Form

This chapter is based on | ], which is joint work with Bernd Sturmfels. The content is
largely the same, with changes to the notation for Schubert varieties.

The goal of this chapter is to develop the theory and practise of Chow—Lam forms, using
that of Chow forms as a guide. In this, we transition from subvarieties of projective space
to subvarieties of Grassmannians.

The name “Chow-Lam form” recognizes work of Thomas Lam | ; | at the
interface of combinatorics and particle physics. Lam focuses on the case when ) is a positroid
variety, namely a boundary component of the positive Grassmannian Grsq(k, n). Concretely,
each of these varieties is defined by the vanishing of certain collections of Pliicker coordinates.
Lam refers to CLy as the universal amplituhedron variety | , Section 18.1], and he
discusses universal projections via twistor coordinates. We now review Lam’s degree-three
ezample from | , Section 19.4].

Example 5.0.1 (A positroid variety). Fix k=2,n=9,r=7 and the positroid variety

V = V(g2 ¢13, @23, @5, Go75 qso) < Gr(2,9).

This is the positroid 5 = (3,2, 2, 2) in the notation of Section 5.3. Then CLy, is a hypersurface
in Gr(4,9). It consists of all 4 x 9-matrices X whose columns, viewed as points in P2,
satisfy: some line in the plane 123 meets the lines 45, 67 and 89. This happens if and only
if the three lines intersect the plane in collinear points. We can write these intersection
points explicitly in Pliicker coordinates. For example, intersection of 123 and 45 is the point
(234571 — (13452 + Q12452 3, Where x; is the ¢th column of X. Therefore, the Chow—Lam form is

42345 —(q1345 (1245
CLy = det | g2367 —q1367 91267 | = q1234123705689+q12344123695789 — G123571236 74789 — §123571237 74689 -
42389 —(q1389 41289

Projections of V into Gr(2, 7) satisfy equations in twistor coordinates, by Corollary 5.1.7. ¢

We start in Section 5.1 with a review of coordinate systems on Grassmannians and basics
on Chow forms, such as the Intersection Formula and the Projection Formula. In Section
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5.2 we develop the corresponding theory of Chow-Lam forms. Building on the work of Lam
[ |, we give a criterion for CLy to have codimension one, and we present a formula
for the degree of CLy. In Section 5.3 we turn to varieties given by matroids and positroids.
We compute their Chow—Lam degrees and Chow—Lam forms in some interesting cases, such
as Theorem 5.3.6. In Section 5.4 we introduce the Hurwitz-Lam form, which governs non-
transversal intersections of complementary dimension. This generalizes | ] and can be
used to compute branch loci.

5.1 Coordinates and Chow forms

This chapter develops tools for computing with subvarieties in Grassmannians. To this end,
it is important for us to be precise about the coordinates to be used. We distinguish four
different coordinate systems to represent a linear subspace L C C", corresponding to a point
in Gr(k,n). What follows is consistent with the conventions adopted in | ; ; ].

If L is given as the kernel of an (n — k) X m-matrix then the entries of that matrix
are called the primal Stiefel coordinates and its maximal minors are the primal Plicker
coordinates, denoted p;,jy...i, .. 1f L is given to us as the row space of a k x n-matrix then
the entries of that matrix are called the dual Stiefel coordinates and its maximal minors are
the dual Pliicker coordinates, denoted gj, j,...;,. After complementing indices, primal and dual
Pliicker coordinates agree up to multiplication by (—1)7t* "+ This sign agrees with the sign
e(J, J¢) from Section 3.1, where J = (ji, ..., ji). For example, the ten Pliicker coordinates on
Gr(3,5) are

Primal D12 D13 D14 D15 D23 D24 P25 P34 D35 D15, (5 1)
Dual 4345 —G245 (235 —g234 Q145 —q135 G134 G125 —q124 (G123- '

In geometric applications, L represents a projective subspace of dimension k — 1 in P*~1. In
the primal perspective, L is given as the intersection of hyperplanes. In the dual perspective,
L is the span of points. Which of these is preferable depends on whether k£ or n—k is smaller.

Remark 5.1.1. Pliicker coordinates are always alternating with respect to permuting in-
dices. For instance, in (5.1) we have —@a45 = @254 = Qu25 = —Qus2 = — (524 = Q542

Let V be an irreducible variety of dimension d in P"~!. We now define the Chow form
of V. Let Cy be the subvariety of Gr(n — d — 1,n) whose points are subspaces L such that
LNV # (in P*~. Then Cy, has codimension one. Since each Grassmannian has Picard group
Z, the hypersurface Cy is the zero set of a single polynomial in Pliicker coordinates. This
polynomial is denoted by Cy, and called the Chow form of V. It is unique up to the Pliicker
relations. We will show in Corollary 5.1.5 that the degree of Cy, in Pliicker coordinates equals
the degree of V in P* 1.

The Chow form C,, can be written in either primal Pliicker coordinates, dual Pliicker
coordinates, primal Stiefel coordinates, or dual Stiefel coordinates. All four variants are
useful, depending on the context. We illustrate this for the rational normal curve in P*.
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Example 5.1.2 (d = 1,n = 5). Let V be the curve (1 :¢:¢?: ¢ : ') in P*. Asin | :
Section 1.2], its Chow form in primal Pliicker coordinates is the determinant of the Bézout
matriz:
P12 P13 D14 P15
P13 P+ P23 P15+ P2 P2s
Cv = det P14 P15+ Do Pos+Paa Pas | (5:2)
D15 D25 D35 Das

Passing to primal Stiefel coordinates p;; = a;b; — a;b;, we obtain the Sylvester resultant
CV = Rest (CL1 + ast + a3t2 + a4t3 + a5t4, b1 + bgt + bgt2 + b4t3 + b5t4) .

For the formula in dual Pliicker coordinates, replace each p;; with the £g, below it in
(5.1). Replacing the gy, with the 3 x 3 minors of a 3 X 5 matrix, we obtain the formula
for Cy in dual Stiefel coordinates. This is a polynomial of degree 12 in 15 unknowns. It
characterizes triples of binary quartics whose linear span contains the fourth power of some
linear form. o

The determinantal expressions in Examples 5.1.2 and Example 1.3.1 (the twisted cubic)
have generalizations; indeed, an analogue to the Bézout formula exists for arbitrary curves in
P!, This is explained in | , Section 4]. In their article [ ], Eisenbud and Schreyer
present a method for computing determinantal formulas for Chow forms. This rests on
syzygies for Ulrich sheaves on V. We are optimistic that this generalizes to Chow—Lam
forms in the Grassmannian setting.

But first we review basics on Chow forms, following the exposition in | |. We present
the formulas for intersections and projections of projective varieties in terms of their Chow
forms. We begin with intersections. The following result is found in | , Proposition 2.1].

Proposition 5.1.3 (Intersection Formula). Suppose dim(V) = d, and let L and M be linear
subspaces of P! such that codim(L N M) = codim(L) + codim(M) = d + 1. Then

Cynr(M) = Cy(L N M). (5.3)

To use this formula in practice, we need to express the Pliicker coordinates of L N M via
those of L and M. Let ¢ and m be the dual Pliicker coordinates of L and M respectively.
Then the dual Pliicker coordinates of L N M are given by the exterior product of ¢ and m:

p = {Am. (5.4)

For example, let n = 6 and d = 2 and suppose that codim(L) = 1 and codim(M ) = 2. Then
= (l1,0s,...,0s), m = (mia,m3, ..., mss), and the 20 coordinates of (5.4) are as follows:

Dijk = Eimjk — gjml'k +€kmij for 1<4 <j <k <6. (55)

We illustrate this formula in a concrete scenario of interest in elimination theory | ].
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Example 5.1.4 (Veronese surface). Fix the surface V = {(1 : z : y : 2* : zy : y*)} in P°.
Its Chow form Cy, is the resultant of three ternary quadrics. Explicitly, Cy is a polynomial

of degree 4 in primal Pliicker coordinates p;jr on Gr(3,6). See | , Section 2.2] for the
formula. The expansion of Cy into primal Stiefel coordinates has 21894 terms; see | ,
eqn (4.5)].

Let L be a hyperplane in P°, with coordinates ¢;. The curve V N L is the Veronese
embedding of the conic V (¢; + lox + 3y + 42* + U5y + Ley?) C P2. By substituting (5.5)
into Cy, we obtain the Chow form Cyny, of this curve in primal Pliicker coordinates m;.

Next let codim(L) = 2, with Pliicker coordinates ¢;;. Then V N L consists of four points
in P°. The Chow form Cynr(my, ..., mg) is a quartic that factors into four linear forms. o

Corollary 5.1.5. The degree of the Chow form Cy, equals the degree of the variety V.

Proof. Let codim(L) = d = dim(V) in Proposition 5.1.3. By (5.3), the Chow forms Cy,
and Cynz have the same degree in their Pliicker coordinates. We claim that this degree is
6 = deg(V). This holds because VNL is a finite set {ul? = (ugl) Do ugf)) ci=1,2,...,6}.
Its Chow form equals Cynr(m) = Hle(ugi)ml +- 4 ug)mn). This has degree 6 in m. [

We now turn to projections P"~! --» P"~!. These are given by r x n matrices Z = (z;).
Let V C P"! be a variety of dimension d < r—2. We write Z (V) for the closure of the image
of V in P""!. For general Z, the variety Z(V) has dimension d and degree § = deg()V) in
P!, The hypersurface Czy) lives in Gr(r —d —1,7). We shall write its defining polynomial
Czv) in terms of dual Stiefel coordinates. We represent an element of Gr(r —d — 1,7) as
the column span of an r X (r — d — 1) matrix ¥ with unknown entries. The concatenation
[Z|Y] is a matrix with r rows and n +r —d — 1 columns. We now review Definition 1.1.3

of twistor coordinates. For any sequence 1 < iy < ip < --- < igy1 < n, there is a twistor
coordinate [Z|Y | iy.iy,,- This is the r x r subdeterminant of [Z|Y ]| given by the r —d—1
columns of Y and the d + 1 columns of Z indexed by 71,9, ...,04:1-

The twistor coordinate [Z|Y ] iy.i,,, is & linear form in the maximal minors of the
matrix Y. These are dual Pliicker coordinates on Gr(r —d — 1,7). They are preferred when
r — d is small. However, if d is small then it is better to use primal Pliicker coordinates. We
find these by multiplying Z on the left with a matrix of primal Stiefel coordinates.

Proposition 5.1.6 (Projection Formula). The Chow form Cyzny in dual Stiefel coordinates
equals the Chow form Cy, with primal Plicker coordinates replaced with twistor coordinates:

piliQ---id+1 = [Z ‘ Y]ilig---id+1 fO?“ 1 < ’il < ’ig < e K id+1 < n. (56)

Proof. This is a reinterpretation of the formula in | , Section 2.2] which was derived for
the projection from a point. In more geometric terms, our formula can be written as follows:

Czon(Y) = Cu(Z71(Y)).

Here Y is a subspace of dimension r —d — 2 in P"~!. Tts preimage Z'(Y) is a subspace of
dimension n —d — 2 in P"~!. We have Y N Z(V) # 0 if and only if Z7'(Y)NV#£0. O
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The case of most interest in the projection formula is r = d 4+ 2, when Z(V) is a hyper-
surface of degree § in P"~!. Here Y = (y1,%s,...,%,)" is the column vector of coordinates on

P"~L. Each of the ( " ) twistor coordinates [ Z | Y] is a linear form in y1,ys2, ..., Y.

r—1 1102 ipr—1

Corollary 5.1.7. The equation of any hypersurface obtained by projecting ¥V C P! into
P =1 is read off from the Chow form Cy, by replacing Pliicker coordinates with linear forms
via (5.6).

Example 5.1.8. Rational quartic curves in P? are images of the curve V in Example 5.1.2
under projections Z : P* --s P2, To compute these plane curves, we consider the 3 x 6
matrix
211 212 213 %14 215 Y1
[ Z|Y] = |21 220 23 24 225 U2
231 232 233 %34 235 Y3

The equation of the plane quartic curve Z(V) is obtained from the Bézout determinant in
(5.2) by replacing p;; with the 3 x 3 minor of this 3 x 6 matrix having column indices 1, j, 6.
We can similarly project the Veronese surface (Example 5.1.4) into P? with a 4 x 6
matrix Z. The resulting rational quartics are known as Roman surfaces or Steiner surfaces.
Algebraically, we substitute twistor coordinates into the Chow form in | , Section 2.2].
o

The classical theory of Chow forms extends naturally to a hierarchy of higher Chow forms,
which characterize linear spaces that are tangent to V. These are also known as coisotropic
hypersurfaces. Their degrees are the polar degrees of V, as shown by Kohn in | ]. On
the far end of the hierarchy is the dual variety, which characterizes hyperplanes tangent to
V. On the near end, right next to the Chow form, is the Hurwitz form, which we now review.

Fix V C P"~! of dimension d and degree §. For L € Gr(n —d, n) generic, the intersection
VN L consists of ¢ distinct points. Let #Hy be the subvariety of Gr(n—d, n) consisting of all L
where this fails. Geometrically, such L are tangent to V. If § > 2 then H,, is a hypersurface
in Gr(n — d,n). This hypersurface was studied in | |. Tts defining equation Hy, is the
Hurwitz form of V. We close this section by deriving the Hurwitz analog to Corollary 5.1.7.

Theorem 5.1.9. The equation of the branch locus of any projection of ¥V C P! into P?

1s read off from the Hurwitz form Hy by replacing Pliicker coordinates with linear forms
via (5.6).

Proof. The branch locus consists of all points y such that the fiber Z7!(y) is tangent to V at
some point. This happens if and only if the Hurwitz form Hy, vanishes at the subspace Z~!(y).
Evaluating the Hurwitz form in primal Pliicker coordinates p at any such fiber translates into
the algebraic operation of replacing p with twistor coordinates, by Proposition 5.1.6. O

Example 5.1.10 (Branch curve of the Veronese). Let Z be a general 3 x 6 matrix, defining a
projection P> -——» P2, and let V be the Veronese surface in Example 5.1.4. The Hurwitz form
Hy has degree six in the Pliicker coordinates. Its expansion in primal Stiefel coordinates is
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the tact invariant of two conics. For the explicit formula in primal Pliicker coordinates p;;
see [ , Example 2.7]. The branch curve in P? has degree six. Its equation is obtained
from Hy by replacing p;; with the 3 x 3 minor indexed by 4, j, 7 in the 3x 7 matrix [Z|Y']. ©

5.2 From projective space to the Grassmannian

In the previous section, we encoded a subvariety V in P"~! = Gr(1,n) by a single equation Cy.
We here replace the ambient projective space with an arbitrary Grassmannian Gr(k,n). Now
the degree of V is no longer an integer but a cohomology class [V]. Recall that H*(Gr(k,n), Z)

is isomorphic to Z(Z>, with basis given as follows.
Let ey, ..., e, be the standard basis of C", and let E; := span(ey,...,e;). For a partition
A= (A1,..., \) fitting inside a k X (n — k) box, define the Schubert variety €2 to be

O ={L € Gr(k,n) : dim LN E,_gix,—i > i} (5.7)

For convenience we may sometimes write our partitions in the form m®» ... 1% where a; is
the number of parts of size j. For example, A = (3,3,2,2,2,2,0) would be written as 322%.
For more on Schubert varieties, see | ].

The Schubert variety €2 is a closed irreducible subvariety of codimension ) . A;. In par-
ticular, g is the class of Gr(k,n) and €(,_g is the class of a point.

The Schubert classes [2,] form a Z-basis of H*(Gr(k,n),Z). For any subvariety V), its
cohomology class has a unique expansion into Schubert classes:

VI = D o) -] (5.8)

Each coefficient §,(V) is a nonnegative integer, which is zero unless |A| = codim(V).
There is a natural involution on the set of partitions within a box of dimension &k x (n—k).
Namely, the complement of A is the partition

AN = {n—k—)\k,n—kf—)\k,l,...,n—k—)\l}.

The Schubert varieties 2, and (2, have complementary dimensions. For a general matrix
g € GL(n,C), and any partition v that satisfies dim 2, = dim Q, = codim Q)c, we have

a point if A =v,
QV ﬂ Q c =
g ! { 0 otherwise.

This gives the following method to compute the cohomology class (5.8) from the ideal of V.

Proposition 5.2.1. The coefficient 6,(V) in the class [V] of the subvariety V C Gr(k,n)
equals the number of points in the intersection gV N Qe for a general matriz g € GL(n,C).
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We can thus compute the numbers 0,()) either symbolically (using Grobner bases) or
numerically (using numerical algebraic geometry). The latter approach uses Schubert witness
sets from homotopy continuation. These were introduced by Sottile in | , Section 4].

We now come to our main topic, namely the Chow-Lam form. Recall that V C Gr(k,n)
was assumed to have dimension k(r — k) — 1 for some r € {k+1,...,n}. We define CLy, to
be the subvariety of Gr(k + n — r,n) which consists of all points P such that the inclusion
@ C P holds for some @ € V. We call CLy the Chow-Lam locus of the given variety V.

Lemma 5.2.2. If V is irreducible then CLy, is a proper irreducible subvariety of Gr(k+n —
r,m).

Proof. We expect CLy, to be a hypersurface in Gr(k+mn—r,n). Indeed, there are k(r —k)—1
degrees of freedom in fixing a point ) € V. After fixing (), we choose P. The variety of
all subspaces P € Gr(k +n — r,n) that contain @ is a Grassmannian Gr(n —r,n — k). So,
there are (n — r)(r — k) = dim(Gr(n — r,n — k)) degrees of freedom for choosing P. Our
construction parametrizes an irreducible incidence variety whose dimension is the sum

k(ir—k)—1+ (n—r)(r—k) = (r—k)(k+n—-r)—1 = dim(Gr(k+n—r,n))—1. (5.9)

The incidence variety parametrizes all pairs (@), P) as above. It is irreducible and maps onto
the Chow—Lam locus CLy. This shows CLy is irreducible of dimension at most (5.9). O

The Chow-Lam form of V is the polynomial CLy, that defines the Chow—Lam locus
CLy, provided this has codimension one. Otherwise, V is degenerate and we set CLy = 1.
This definition is analogous to the definition of a degenerate dual variety and discriminant
(cf. [ |). For any projective variety, the dual variety is expected to be a hypersurface,
and its defining polynomial is the discriminant. However, it can happen that the dual variety
has codimension > 2, in which case the discriminant is 1. We note that CLy, is unique up
to scaling and modulo the Pliicker relations for Gr(k +n — r,;n). We can write it either in
Pliicker coordinates (primal or dual) or in Stiefel coordinates (primal or dual).

Remark 5.2.3. In our definition of the Chow—Lam locus it is assumed that the variety V
has dimension k(r — k) — 1. This is, of course, a restrictive hypothesis. Our rationale for this
is that we would like CL,, to have codimension one. Giving up this hypothesis would take us
to the general setting of higher Chow—Lam loci, which concerns tangencies between V' and
arbitrary subGrassmannians Gr(k, L) of Gr(k,n). This is discussed at the end of Section 5.4.

The Chow—Lam form is named for Thomas Lam, who studies universal projections of

positroid varieties in | , Chapter 18]. We will establish the relationship between
universal projections and the Chow-Lam form in Proposition 5.2.10. Lam also computes
cohomology classes of projections in | , Proposition 3.5]. This is fundamental for

Theorem 5.2.5 below.
We next explore the issue of degeneracy for Schubert varieties in a small Grassmannian.
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Example 5.2.4 (k =2,n = 5,7 = 4). Let V be a variety of dimension 3 in the 6-dimensional
Grassmannian Gr(2,5). Here, k +n —r = 3, so the Chow—Lam locus CLy, is a subvariety of
Gr(3,5). We shall use dual Pliicker coordinates ¢ on Gr(2,5) and primal Pliicker coordinates
p on Gr(3,5). The inclusion ) C P is expressed algebraically by the matrix equation

0 P12 P13 Pia Pis 0 q12 q13 e Q15
—pi2 0 D23 P24 P25 —q2 0 Q23 Q24 Q25
—P13 —P23 0 P34 P35| | —q13 —G23 0 34 q35| = 0. (5- 10)
—P14 —P24 —P34 0 P45 —q14 —q24 —g34 0 q45
—p15s —P2s —p3s —pas O —q15 —Q25 —q35 —qs 0

This is a system of 25 bilinear equations in (p, ¢). We augment this by the equations in ¢ that
define V, we saturate with respect to the g-variables, and we finally eliminate all g-variables.
The resulting ideal in the ten p-variables defines the Chow—Lam locus CLy C Gr(3,5).
First suppose that V is defined by three general linear forms in p. Then CLy, has codi-
mension one, and the Chow—Lam form CL, has degree two. For a concrete example, take
V = V(qi2 + ¢13, Goa + @25, @23 + q35). The threefold V has degree five in Pliicker space P?. Tt
parametrizes all lines in P* that meet three given planes in P*. The algorithm above yields

CLy = pia(paa — pas — psa + pss) + (P12 — P1a + P1s) Pas-

Next, we consider the two Schubert varieties of dimension 3 in Gr(2,5). They are

Qg = V(le,QQ5>QS5,Q457QS4) and (3 = V(Q23,Q24,Q34,Q25>C]35>Q45)-

The first Schubert threefold is non-degenerate and its Chow-Lam form equals CLgq,, = p12.
The second Schubert threefold €23 is found to be degenerate. Our algorithm reveals that

CLa; = V(pi2, P13, P14, P15)-
This Chow—Lam locus has codimension two in Gr(3,5), and hence CLg, = 1. o

We now come to the first result of this section. It will explain the findings in Exam-
ple 5.24. Let « = {n—r+1,n—r, ..., n—r}. We take the convention that our parts
weakly decrease in size. Then any partition with total size equal to the codimension of V
satisfies &1 > n —r + 1, and « is the unique partition for which we have equality. We set
a(V) = §,(V) and call this the Chow-Lam degree of the given variety V. Note that the
Chow-Lam degrees of the three varieties in Example 5.2.4 are a(V) = 2, () = 1, and
OZ<Q3) = 0.

Theorem 5.2.5. Let V be a subvariety of dimension k(r — k) — 1 in Gr(k,n). The Chow-
Lam form CLy is a polynomial of degree a(V) in the Pliicker coordinates on Gr(k+n—r,n).
In particular, V is degenerate if and only if its Chow—Lam degree (V) is zero.
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This formula for the degree of CL), generalizes Corollary 5.1.5. Indeed, if £ = 1 then our
variety V has dimension d = r — 2 in P"~! = Gr(1,n), and its cohomology class (5.8) is

V] = deg(V) - [2d].

Here, the Chow—Lam degree is just the classical degree, i.e. «(V) = deg(V). The argument
that led to Corollary 5.1.5 can be generalized to k£ > 2. Our proof of Theorem 5.2.5 will
be based on this. We begin with the generalization of the intersection formula in Proposi-
tion 5.1.3.

For a subspace L of dimension ¢ in C", we introduce the relative Grassmannian

Gr(k,L) = {Pe€Gr(k,n)|PCL} =~ Gr(k?).
With this notation, the definition of the Chow—Lam locus can be rewritten as follows:
CLy = {LeGr(k+n—rmn):VNGrkL)#0}. (5.11)

Lemma 5.2.6 (Intersection Formula). Let L and M be linear subspaces of P! such that
codim(L N M) = codim(L) + codim(M) = r — k. Then

CLVﬁGr(k,L)(M) = CLV(LQM). (5.12)
Proof. This follows from (5.11) and the identity Gr(k, LN M) = Gr(k,L) N Gr(k, M). O

Corollary 5.2.7. The Chow-Lam forms CLy and CLynqark,r) have the same degree, when
written in their respective Plicker coordinates.

The following lemma is based on a standard argument in Schubert calculus.

Lemma 5.2.8. Let L be a general subspace of dimension p in C". The intersection {2\ N
Gr(k, L) is non-empty if and only if \y + p <n—k+ 1. In this case, its class is a Schubert
class, namely

[N Gr(k, L)] = Q.-
Corollary 5.2.9. Using notation as above, we have a(V) = a(V N Gr(k, L)).

Proof of Theorem 5.2.5. By Corollaries 5.2.7 and 5.2.9, the assertion follows by induction
on n — r. It suffices to prove the assertion for the base case n —r = 0, where ¥V = CLy is a
hypersurface in Gr(k,n). Note that [V] = «(V) - [Q]. This [€2;] is the class of a hyperplane
section of Gr(k,n) inside its Pliicker embedding. Hence V is defined by a polynomial of degree
a(V) in the (Z) Pliicker coordinates, which is unique modulo Pliicker relations. Moreover,
this polynomial equals the Chow-Lam form CLy, since V = CLy,. m

We now come to the projection formula for £ > 2, which is the direct generalization
of Proposition 5.1.6. Let Z be a general r x n matrix as in Section 2. Then Z defines a
projection P! --» P"~! and this induces a rational map Gr(k,n) --+» Gr(k,r). We write
Z(V) for the closure in Gr(k,r) of the image of the variety V C Gr(k,n) under the map
induced by Z.
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Proposition 5.2.10 (Projection Formula). The Chow-Lam form CLyyy is obtained from
the Chow-Lam form CLy, by replacing the primal Pliicker coordinates with twistor coordi-
nates:

Divigip_, = LZ1Y Jivigeip_, for1 <iy <ig < -+ <ip_g <n. (5.13)

This expresses CLzy in dual Stiefel coordinates on Gr(k,r), given by the r x k matriz Y.

Proof. We identify the r x k matrix Y with its column span, which is a (k — 1)-dimensional
subspace in P"~1, or a k-dimensional linear subspace in C". The inverse image Z1(Y) is a
projective subspace of dimension n —r +k — 1 in P"~!, or a linear subspace of dimension
n—r+k in C". The subspace Y is a point in CLzy) if and only if Z71(Y) lies in CLy. O

Corollary 5.2.11. Any hypersurface obtained by projecting V C Gr(k,n) into Gr(k,r) is
read off from CLy by replacing primal Pliicker coordinates with twistor coordinates via (5.13).

Example 5.2.12 (Genus 6 geometry). Fix k =2 and n = 5. We start with the case r = 4.
Let V be the subvariety of Gr(2,5) defined by two general linear forms and one general
quadric in the 10 dual Pliicker coordinates g;;. Then V is a Fano threefold of genus 6, see
[ ]. This threefold has degree 10 in the ambient space P?. Its Chow-Lam degree is
a(V) = 4. We compute CLy as in Example 5.2.4, i.e. we augment the ideal of V by the
bilinear equations in (5.10) and then eliminate the g-variables after saturation. The result
is a quartic in primal Pliicker coordinates p;; on Gr(3,5). This is the Chow-Lam form CLy,
of our Fano threefold V.

Consider the projection Gr(2,5) --» Gr(2,4) given by a general 4 x 5 matrix Z. The
image Z(V) is a hypersurface in Gr(2,4). Its defining polynomial CLy) is obtained by
setting p;; = [Z|Y |;;. These twistor coordinates are the 4 x 4 minors of the 4 x 7 matrix
[ Z|Y | which use the last two columns. Hence CLz( has degree 4 in the 2 x 2 minors of Y.

We next assume that » = 3 and V C Gr(2,5) is cut out by four general linear forms
and one general quadric in the ¢;;. Here V is a canonical curve of genus 6 and degree 10
in the P5 defined by the four linear forms; see | , Lemma 4.1]. We have a(V) = 10,
so the Chow—Lam form CLy, is a polynomial of degree 10 in the coordinates (p1,...,ps) on
Gr(4,5) ~ (P*)V.

Consider the projection Gr(2,5) --» Gr(2,3) given by a general 3 x 5 matrix Z. The
image Z (V) is a singular curve of degree 10 in the dual projective plane Gr(2,3) = (P?)V, with
coordinates (y1, y2,ys3). We find its equation by the substitution into twistor coordinates; see
(1.2). o

The join of two projective varieties is an important operation in algebraic geometry.
The construction was characterized at the level of Chow forms in | , Section 4.1]. The
definition of the join generalizes to subvarieties of Grassmannians and their Chow-Lam
forms.

Let V and W be disjoint subvarieties of Gr(k,n). We define the embedded join of V and
W to be the union

JV,W) = U Grkv+w).
Vev,Wew
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This is a subvariety in Gr(k,n). The dimension of J(V,W) equals dimV + dim W + k2
provided this number does not exceed k(n — k). The following result is dual to Lemma 5.2.6.

Proposition 5.2.13. Fiz V C Gr(k,n) of dimension k(r — k) — 1, and consider general
subspaces L, M C C" with codim(L+ M) = r—k. We have the equality of Chow—-Lam forms

CLyw,rk,Ly) (M) = CLy(L + M). (5.14)

The numerology of dimensions matches since dim J(V, Gr(k, L)) = k(r+dim(L)—k) —1.
We omit the proof, and instead close with an example to illustrate the embedded join.

Example 5.2.14 (Joining a curve). Let L € Gr(3,6) and fix a curve V C Gr(2,6). Then
the join of V and Gr(2, L) ~ P? is a hypersurface in Gr(2,6). Its equation is obtained by
writing CLy, in dual Pliicker coordinates for L + M. For instance, if V is a genus 8 canonical
curve | , Section 4] then (V) = 14, and therefore CL j( Ge(x,2)) has degree 14. o

5.3 Matroids and positroids

In this section we turn to subvarieties of Gr(k, n) that are defined by the vanishing of Pliicker
coordinates. For a point £ € Gr(k,n) in dual Pliicker coordinates, the associated matroid
M = M; is the set of all indices I € ([Z}) such that & = 0. Thus M is a matroid of
rank k on [n], given by its list of nonbases. The nonbases are the indices of dual Pliicker
coordinates that are zero. The matroid M is a positroid if M = M, for some ¢ with dual
Pliicker coordinates all nonnegative real numbers.

Conversely, for a matroid M of rank k on [n], the realization space is the constructible set
{¢ € Gr(k,n) : Mg = M}. The Zariski closure of the realization space in the Grassmannian
Gr(k,n) is denoted V) and called the matroid variety of M. Positroids are of special interest
at the interface of combinatorics and physics, and one uses the term positroid variety for Vy,
if M happens to be a positroid. Positroid varieties behave much better than general matroid
varieties; as shown in | ]. We seek to compute the Chow—Lam forms of these varieties.
The images Z(V)) of positroid varieties V), under projections Z : Gr(k,n) --» Gr(k,r) are
known as amplituhedron varieties. Lam’s work in | | aims at computing the equations
defining Z(V)y) in twistor coordinates, using the Projection Formula for the Chow—Lam form.

Example 5.3.1 (k = 2,n = 6,7 = 5). The matroid M = {12,34,56} is a positroid. Its
positroid variety Vi = V(&12, &34, E56) 1s a subvariety of dimension k(r — k) — 1 = 5 in the
8-dimensional Grassmannian Gr(2,6). This variety has Chow—Lam degree a(Vy,) = 2. Its
Chow-Lam form is the condition for the three lines 12, 34 and 56 in P? to be concurrent:

CLy,, = DP123Pas6 — P124D356- (5.15)

The derivation of this formula is similar to (but easier than) that in Example 5.0.1. The
amplituhedron variety Z (V) is a hypersurface in Gr(2,5). Its equation is found by replacing
the 20 p;;;, with the 5x 5 minors of the 5 x 7 matrix [ Z|Y ] that use the last two columns. ¢
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Remark 5.3.2 (Schubert matroids). Among the matroid varieties V), are the Schubert
varieties {2y. The associated matroids M, are very special. Let I = (A +n —k+ 1, Ao +
n—k+2,..., \y +n). The bases of M, are the index sets J such that J > I. Oh | ]
characterizes positroids in terms of such Schubert matroids. Namely, positroid varieties Vj;
are intersections of cyclically shifted Schubert varieties.

Every matroid variety V), is naturally stratified into toric varieties. The torus 7' = (C*)"
acts on the Grassmannian Gr(k,n). Given any point £ € Gr(k,n), we write 7¢ for the Zariski
closure of the orbit T¢ in Gr(k,n). This is a toric variety of dimension < n — 1, and the
dimension equals n — 1 when £ is generic. Up to a multiplicative change of coordinates, the
toric varieties 7¢ depend only on the matroid M = M, and we therefore write Ty = 7.

We call Ty the toric variety associated with the matroid M. The corresponding polytope
is the matroid polytope of M. For example, if £ is a generic point in Gr(k,n) then M is the
uniform matroid, and the matroid polytope is the hypersimplex A(k,n). Here, Ty is the
(n — 1)-dimensional toric variety parametrized by all (Z) squarefree monomials of degree k
in n unknowns. In Chapter 7 we study the Chow—Lam forms of the toric varieties Ty;.

Example 5.3.3 (Hypersimplex). We fix a general 2 x 6 matrix (a;;) with row span £ €
Gr(2,6). The toric variety T¢ has dimension 5 and degree 26 in Gr(2,6) C P'*. Its prime
ideal is generated by 30 quadrics like &13824 q12q34 — &12€34 @13G24. The Chow—Lam form is

CL7, = (14826835 + 15624836 — E16€24835) Qu23use — §13825846 1240356 (5.16)
+£12835846 q134G256 — §12834856 1350246 + §13624E56 1257346 '

Modulo the Pliicker ideal, CL7; is the unique relation among the 3 X 3 minors of the matrix

111 A12T2 Q133 A14T4 A15T5 A16T6
211 QA22T2 Q2373 (A24T4 QA25T5 A26T6
hn Y2 Ys Ya Ys Ye

Indeed, this matrix is a parametric representation of C L7, with z; and y; as parameters. This
is a subvariety of dimension 8 in the Grassmannian Gr(3,6). Note that (5.15) is obtained
from (5.16) by setting &2 = €34 = &6 = 0 and &;; = 1 for all other 4, j. This reflects the fact
that Ty = Vi for the positroid M in Example 5.3.1, and that CLy; specializes to CLp,,. ©

We next focus on matroids of rank k£ = 2. In this case, every matroid M is a positroid
after relabeling. We assume that M is loopless, i.e. for every i there exists j such that &;; # 0.
With this mild hypothesis, every matroid is encoded by a partition 5 = (8; > B > -+ > ;)
of the integer n into t > 2 parts. The non-bases are the pairs that are contained in one of the
tblocks {1,...,8:}, {Ai+1,..., 8}, ..., {Bi=1+1,..., B} in the corresponding set partition
of [n]. From now on, we identify rank 2 matroids with rank 2 positroids, we encode them by
partitions 3, and we write V3 for the associated positroid variety in Gr(2,n). We note that
codim(Vz) =n —t and r = %’f“ In particular, Vi111,.1) = Gr(2,n) and Vi1, 1) = .

-----



106

Proposition 5.3.4. Let B be a partition of n with t parts, and fix the univariate polynomial

t B
flx) = Hij_l.

i=1 j=1

Suppose that n —t is odd. Then the Chow-Lam degree of the positroid variety Vs is the
coefficient of the monomial x™*=V/2 in f(x) minus the coefficient of ™32 in f(z).

Proof. We represent Schubert classes by symmetric polynomials. The variety Vs is the
intersection of Schubert varieties of the form g _4 for ¢ = 1,2,...,¢. The class [{25,_1] can
be represented by the complete homogeneous symmetric polynomial hg,_1(x,y) of degree
Bi — 1 in two variables z and y. Hence [Vg] is the product of these symmetric polynomials:

[Vﬁ] = hﬁl—l(xv y) h52—1(x7 y) U hﬁt—l(xv y)
We write this product as a sum of Schubert classes xfy"t=¢ 4 gitlyn—t=i=1 4 ... 4 gn-t=iyi
fori =0,1,...,(n—t—1)/2. The Chow—Lam degree is the coefficient of the middle Schubert
class [Q—r41n—r] In this decomposition. We dehomogenize it by setting y = 1. Thereafter
we conclude by observing that #("~*~1/2 occurs once in each class [€2,] of codimension n —t,
whereas 2" *73)/2 gccurs once in each class except [Qn—ri1n—r|- O

Example 5.3.5. For n < 8 all Chow-Lam degrees «(V3) are 0, 1 or 2. For every integer n
between 9 and 30, the maximal value of a(Vs) is attained by a unique partition 5. In the
following table we list all triples n,a(Vs), 5 that give the maxima for n in that range:

9,3,(3222)  10,5,(22222)  11,5,(222221)  12,6,(33222) 13,9, (322222)
14,14, (2222222) 15,14, (22222221) 16,19, (3322222) 17,28, (32222222) 18,42, (222222222)
19,43, (33322222) 20,62, (332222222) 21,90, (3222222222) 22,132, (22222222222)
23,145, (3332222222) 24,207, (33222222222) 25,297, (322222222222) 26,429, (2222222222222)
27,497,(333222222222)  28,704,(3322222222222)  29,1001,(32222222222222) 30, 1430,(222222222222222)

The first entry says that the 9-dimensional positroid variety V(g0 C Gr(2,9) has Chow-
Lam degree 3. The cubic Chow-Lam form CLy, was computed in Example 5.0.1. One thing
we notice in our table is the appearance of Catalan numbers whenever n = 2 mod4. This
calls for an explanation. We shall provide one, along with a new tool for computing CLy,. ©

The degree of the Grassmannian Gr(2,s) C P(2)~" is the Catalan number
1 2s —4
Csg = :
? s—1 ( 5—2 )

Hence the Chow form Cgyo,) has degree Cs_p in Pliicker coordinates, and it has degree
(2s —3) - Cs_5 in primal Stiefel coordinates. This Chow form is the tool we promised above.
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Theorem 5.3.6. Fix the partition 5 = (2,2,2,...,2) of n = 2t where t = 2s — 3 is odd.
The Chow-Lam degree of the positroid variety Vg is the Catalan number Cs_y = 2 Cs_o. The
Chow-Lam form CLy, has degree sCs_y = nCs_o n dual Stiefel coordinates, given by an
sxn matric X =[xy 2o -+ x,]. We obtain CLy, from the Chow form of the Grassmannian
Gr(2,s) by evaluating the primal Stiefel coordinates at the columns of the (;) X t matriz

X = [:Bl/\:tg TaNxy TsNxg - xn_l/\xn].

This theorem explains the Catalan numbers in Example 5.3.5, since these are the degrees
of the Grassmannians Gr(2, s). Before proving Theorem 5.3.6, we go over the case s = 4.

Example 5.3.7 (Five lines admitting a transversal). Let § = (2,2,2,2,2) and fix a 4 x 10
matrix X = [z 22 -+ Tg o). Its columns x; are viewed as points in P>. We are interested
in the following condition on X: there exists a line L which intersects the five lines x173,
T3%4, T5Lg, L7xs, ToZo. Lhis codimension 1 condition is given by the Chow-Lam form of Vs:

0 1234 {q1256 41278 41290
q1234 0 43456 (43478 {3490
CLy, = det |qiase @sas6 0 gse7s Q5690 | - (5.17)
qi1278 43478 (5678 0 47890
q1290 43490 45690 g7890 0

Here the g, are maximal minors of X, so they are dual Pliicker coordinates on Gr(4, 10).
The expansion into the entries of X has degree 20 and it is the sum of 18 268 320 monomials.

The formula (5.17) appears in | , Theorem 3.4.7], and it is derived as follows. Write
the dual and primal Pliicker coordinates of the five lines as the columns of the two 6 x 5
matrices

é(: = [Z)’Jl/\l‘g IL‘3/\(L‘4 (L’5/\CL’6 CL’7/\ZL’8 ZL'g/\[E()}
(X)* = [(@Az2)* (23Aza)* (25AT6)" (27 Axs)* (w9 Awg)*].
The symmetric 5 x 5 matrix (X)T - (X)* is precisely the matrix in (5.17). The left kernel of
X is spanned by the vector (Lo, ..., Lss) of primal Pliicker coordinates of the transversal
line L. Using Cramer’s rule, we write each L;; as a 5 x 5 minor of the matrix X. We compute

1 -
CLVB - CGr(2,4) - L12L34 - L13L24 + L14L23 - 5 det((X)T . (X)*) (518)

It remains to be seen that this is the Chow—Lam form of Vs = V(qi2, ¢34, G56, 478, Go0)-
The matrix X represents a point in CLy, if and only if its row space has a subspace @
that lies in V3. This means that we can find a 2 x 4 matrix 7" such that the 2 x 10 matrix
() = TX has its five minors {2i — 1,2i} vanish. Then L = AT is precisely the transversal
line above. o



108

Proof of Theorem 5.3.6. The matrix X represents a point in CLy, if and only if there exists
a 2 x s matrix 7" of rank 2 such that the matrix 77X has its consecutive minors {2i — 1, 2i}
vanish. We view the entries of T" as dual Stiefel coordinates of a line in P*~!, with dual Pliicker
coordinates L = AyT. We view the columns x9;_1 A z9; of X as hyperplanes in the ambient

space P()-! of the Grassmannian Gr(2,s). Our condition says that these ¢ hyperplanes
intersect Gr(2, s) in a common point L. Since t = 2s — 3 = dim(Gr(2, s)) + 1, this imposes
one constraint on X. The polynomial in the entries of X that defines this hypersurface is
the Chow form of Gr(2, s), now evaluated at the ¢ hyperplanes xo; 1 A xa;. n

Example 5.3.8 (Chow form of Gr(2,5)). We present a formula for Cg,(25) in dual Stiefel
coordinates, given by three skew-symmetric 5 x 5 matrices U, V,W. We ask whether some
linear combination P = zU + yV + 2zW has rank 2. The five Pliicker relations f; = pjipim —
PjiDkm + DjmPri are quadrics in z,y, 2. Let fg be the derivative of the Jacobian determinant
of fi, f2, f3 with respect to z. Following | , eqn (4.5)], we form the 6 x 6 matrix of
coefficients from the ternary quadrics fi, fa,..., fe. Its determinant has degrees (5,5,6)
in (U,V,W), and it equals Cgy(25) times wys. Note that Cgy(a5) has degree 5 in Pliicker
coordinates.

By rewriting this Chow form in primal Pliicker coordinates, as above, we obtain a formula
for the Chow-Lam form CLy,, where 8 = (2,2,2,2,2,2,2). This has degree 14 in Pliicker
coordinates on Gr(5,14). At present we do not know any determinantal formula like (5.17).

It remains a challenge to find practical tools for computing the Chow forms of Gr(2,n)
when n > 6. A formula for the power (C(;r(gm))"*2 in dual Stiefel coordinates appears in
[ , Section 3]. This is based on resonance varieties for Koszul modules. It would be
desirable to implement and test this formula. Can the exponent n — 2 be removed in this
construction? o

Remark 5.3.9. Theorem 5.3.6 generalizes to a positroid M on n = kt elements in rank
k > 3. It has precisely ¢ nonbases which are pairwise disjoint. We assume that ¢t = (s—k)k+1
for some integer s > k. The Chow-Lam degree of the positroid variety Vy; C Gr(k,n) equals

a(Vay) = §~deg Gr(k, s),

and we can derive CLy,, from Cg,,s) as above. The coordinates are the entries of an s x n

matrix X and an (Z) x t matrix X , obtained by wedging the k-clusters of columns in X.

For example, if k = 3,s = 6 then t = 10, n = 30, and V), is a variety of dimension 71 in
Gr(3,30). Its Chow-Lam degree equals 210 = 2-42 = % -deg Gr(3,6). The 24 x 30 matrix Z
maps V) to a hypersurface in Gr(3,24), with equation found from CLy,, by Corollary 5.1.7.

In this section we presented techniques for studying the Chow—Lam forms of matroid
varieties V. A matrix X of dual Stiefel coordinates represents a point in CLy,,, if there exists
a matrix 7" such that 7'X realizes the matroid M. We can compute CLy,, by eliminating T
from the equations T X € V). It can be preferable to perform the elimination directly with
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dual Pliicker coordinates, i.e. with the maximal minors of X. This approach is recommended
when V), is given parametrically. We conclude the section with such an example.

Example 5.3.10 (A rank 3 matroid). Fix the matroid M = {126, 135,234,456}. Here k = 3,
n =6, and r = 5, so V) has codimension 4 in Gr(3,6), and it projects to a hypersurface in
Gr(3,5). Its Chow—Lam locus CLy,, is a subvariety of Gr(4,6), given by the parametrization

I 0 0 0 —I5 Te
0 €T 0 T4 0 —T6
0 0 r3 —T4 Iy 0
Yi Y2 Y3 Ya  Ys Yo

X =

Indeed, the first three rows parametrize V),;. The maximal minors satisfy the cubic relation

CLVM = (12349135692456 T 41235G124643456 — 41235G1346G2456 -

This form is unique modulo the Pliicker relations, and is easily found by elimination. o

5.4 Hurwitz-Lam forms and beyond

The purpose of this section is to generalize the Hurwitz form | | for subvarieties of
projective space to subvarieties of Grassmannians. Theorem 5.1.9 extends to that setting and
provides a tool for computing the branch loci of projections of subvarieties of Grassmannians.
At the end of this section, we generalize even further by introducing higher Chow—Lam forms.

Let V be a subvariety of Gr(k,n) of dimension k(r — k) for some r € {k+1,...,n}. Fixa
general point P € Gr(k+n —r,n). This represents a linear subspace in C", and we consider
the Grassmannian Gr(k, P), which parametrizes all linear subspaces @) € Gr(k,n) such that
@ C P. We are interested in the intersection of V with the subGrassmannian Gr(k, P).

Lemma 5.4.1. The intersection
YV n Gr(k, P) (5.19)

is a finite set of points. The number of points is the coefficient 6x(V) in (5.8), where \ =
{n—rn—r ...,n—r}. We call 6,(V) the Hurwitz-Lam degree of the variety V.

Proof. The proof is a dimension argument, like that leading to Lemma 5.2.2. The identifi-
cation of the specific Schubert class €2, is analogous to that in the derivation of Theorem
5.2.5. O

We define the Hurwitz-Lam locus of the given variety V' as follows:
HLy = {P€Gr(k+n—rn): the intersection (5.19) is not transverse}. (5.20)

If the Hurwitz-Lam degree is at least two then HLy is a hypersurface in Gr(k +n — r,n).
The polynomial in Pliicker coordinates that defines this hypersurface is the Hurwitz-Lam
form, denoted HLy. If the Hurwitz-Lam locus is not a hypersurface then we set HLy, = 1.
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The Hurwitz-Lam form HLy of a subvariety V C Gr(k,n) can be used to describe the
branch loci of projections to smaller Grassmannians. The set-up is as in Proposition 5.1.6.

Theorem 5.4.2 (Computing Branch Loci). Let V be a variety in Gr(k,n) whose Hurwitz-
Lam degree 6;(V) is at least two. A general linear projection Z maps V onto Gr(k,r). The
branch locus is a hypersurface in Gr(k,r), and its equation is obtained from the Hurwitz-Lam
form HLy, by replacing the primal Plicker coordinates with twistor coordinates as in (5.13).

Proof. A point Y € Gr(k,r) lies in the branch locus of the map Z from V if and only if the
fiber Z71(Y') intersects V non-transversally. This happens if and only if Z71(Y) is in HLy.
That the branch locus is codimension one follows from the Zariski-Nagata Purity Theorem.
This ensures that H.Ly has codimension one. We obtain the equation of the branch locus
from HLy by the same arguments as in Proposition 5.2.10. For £ = 1 see Theorem 5.1.9. [

We illustrate Theorem 5.4.2 with a case study that is motivated by amplituhedra and
other Grassmann polytopes; see Chapter 2. We set k& = 2,n = 8 and we let V = V3 =
V(q12, 34, @56, qrs) be the positroid variety in Gr(2,8) given by the partition 5 = (2,2,2,2).
We have codim(V) = 4 and dim(V) = 8. The Hurwitz-Lam degree of V is two. This means
that a general linear projection Z : Gr(2,8) --» Gr(2,6) induces a 2-to-1 map from V onto
Gr(2,6). The branch locus of this map is a hypersurface in Gr(2,6). The next proposition
gives its equation.

Proposition 5.4.3. The Hurwitz-Lam form of the positroid variety V C Gr(2,8) equals

0 q1234 G1256 ({1278

HL, — det G123 0 Q3456  Q3ars ' (5.21)
d1256 43456 0 45678

qi278 Q3478 Gs678 0

This formula is invariant under the duality map on Gr(4,8), so it works in both primal and
dual Pliicker coordinates. The branch locus of Z in Gr(2,6) is a quartic hypersurface, whose
equation is obtained by substituting the 70 twistor coordinates for the p;ji in HLy.

Example 5.4.4. Consider the map Gr(2,8) — Gr(2,6) given by the totally positive matrix

100000 —1 —6]
010000 1 5
; _ |001000 -1 —4
000100 1 3
000010 —1 =2
000001 1 1]

The image of the positroid cell V> under Z is an interesting Grassmann polytope. The
quartic branch locus described above contributes a piece to the boundary of this object.
Amplituhedron experts are interested in the quartic equation defining that branch locus.
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Let Y be a 6 x 2 matrix of unknowns, and write y;; for the 2 x 2 minors of Y, where
1<i<j<6. The substitution (5.13) from primal Pliicker coordinates to twistor coordinates is

P1234 = Ys6, P1235 = — Y46, D1236 = Y45, P1237 = Ya5 + Yae + Ys6, P1238 = Yas5 + 2Ya6 + 3Ys6, - - -
Pasts = 2Y12 + 3y13 — Y15 + 4y23 — 2Yo5 — Y35, Dsers = Y12 + 2413 + Y1a + Y23 + 2y24 + Y34.

After this substitution, HLy is a quartic in dual Pliicker coordinates vi2, %13, .., Y56 on
Gr(2,6). Its unique expansion in terms of standard monomials has 126 terms. It looks like

10y2, Y3456 — 4Uay35 — Whyssyse — 12ytayssyas — 14UTayssyas — Yia¥3s — AYaYseyas — 9Yiayis
- 129%2945%6 - 43/%2926 + 16y12Y13Y34Ys56 — 16y12Y13Y35Yas — 20Y1213Y35Y46 + =+ -+ .

Recall that a monomial ¥;, j, Yi,joVisjsViss 18 standard if i; <iy <ig <1y and j; <jo <j3 <J4.
This quartic equation with 126 standard monomials defines the branch locus in Gr(2,6). ¢

Proof of Proposition 5.4.3. One checks that the expression on the right hand side of (5.21) is

invariant under the duality map given by po,ss0s04 F> SI810(0) Dosogoros fOr any permutation o

of {1,2,...,8}. We may therefore prove (5.21) for the dual Pliicker coordinates on Gr(4, 8).
Any element P of Gr(4,8) can be represented as the row span of a rank 4 matrix

T11 Ti12 T13 T4 Ti5 Tie Ti7 T18
Y = Ta1 T2 T23 T4 T25 T T27 28
T31 T32 X33 T34 T35 T3 T37 X38
Tg1 T2 T43 T44 T45 T4 T47 T48

The Pliicker coordinates p;ji; of P are the 70 maximal minors of X. For a general subspace
P of dimension 4 in C8, consider all 2-dimensional subspaces ) C P such that @ is in V.
We claim that there are precisely two such subspaces (). In symbols, #(V N Gr(2, P)) =2.
We are interested in P such that this number is one.

The argument is analogous to Example 5.3.7, but now for transversal lines to four lines.
Let z; denote the jth column of X, viewed as a point in P?. We consider 2 x 4 matrices T
such that the 2 x 8 matrix T X satisfies ¢1o = ¢34 = ¢56 = ¢z = 0. The rows of T" span a
line in P? which intersects the four lines Z7@3, Z3%a, T52g and Z7xg in P3. Then X is in the
Hurwitz-Lam locus whenever only one such line 7" exists. Now consider the 6 x 4 matrices

{( = [.Tl/\l’g T3 N\ 2Ty x5 N\ Tg x7/\x8]
(X)* = [(xl ANxo)* (x3Axg)" (5 Axg)* (T7 A\ wg)* },

where we order the six rows of each matrix using the ordering [a12 : a13 : ags : a14 @ aoq : agg]
of Pliicker coordinates of 2; A z;1. The left kernel of X is represented by a 2 x 6 matrix, and
gives a line L in P5. The lines T173, . . . , 723 have a single common transversal if and only
if L is tangent to Gr(2,4) in its Pliicker embedding; in other words, if L is in the Hurwitz
locus of Gr(2,4). We compute the Hurwitz form of Gr(2,4) to be

Z (—1)J(i’j)Li7jL7,]’77,i, (522)

1<i<j<6
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where L; j are the dual Pliicker coordinates of L and (i, j) is the number of occurrences of
2 or 5 in (7, 7). Note that L;; are actually the primal Pliicker coordinates p; ;(X*) for the
row span of the matrix X7 in Gr(4,6). By the Cauchy-Binet formula, we see

det(D)7- (X)) = 3 pug(XDpis (X7,

1<i<j<6

which is equal to the expression in (5.22). Finally, by Laplace expansion, the 4 x 4 matrix
(X)T - (X)* is precisely the matrix on the right side of (5.21). O

Remark 5.4.5. Proposition 5.4.3 extends to all positroid varieties Vg where 5 = (2,2, ...,2)
is a partition of n = 2¢ with ¢ = 2s — 4 even. The Hurwitz-Lam form Hy, is obtained
from the Hurwitz form of Gr(2,s) by the same substitution as that for Chow forms in
Theorem 5.3.6. Extending to the setting of Remark 5.3.9, we can consider the Hurwitz form
of any Grassmannian Gr(k,s). This becomes the Hurwitz-Lam form for a postroid whose
ground set is the disjoint union of nonbases.

We now shift gears and briefly return to the setting of Section 5.1. For any subvariety V of
P! of dimension d and any integer p < d+ 1, one associates a subvariety in a Grassmannian:

Cpo(V) = {LeGr(n—p,n) : the intersection ¥ N L is not transverse }. (5.23)

For p = d + 1 this is the Chow locus, for p = d it is the Hurwitz locus, and for p = 1 it
is the discriminant. These varieties C,(V) are usually hypersurfaces, and they are known as
coisotropic hypersurfaces or higher Chow forms of V. They were studied by Gel'fand, Kapra-
nov and Zelevinsky in | , Chapter 4] and the theory was further developed by Kohn
in [ .

It is natural to generalize the definition of higher Chow forms to the setting of Grassman-
nians. Let V be a subvariety of Gr(k,n). For any sufficiently small integer p, we consider

Cﬁg) = {L € Gr(n—p,n) : the intersection VN Gr(k, L) is not transverse }.  (5.24)

These varieties are called higher Chow—Lam loci. Of particular interest are the cases when
Cﬁgf )is a hypersurface, defined by a single equation CL](;D ). We call these the higher Chow—
Lam forms of V. The case when p = r — k and dim(V) = kp + 1 recovers the Chow—Lam
form; see (5.11). The Hurwitz-Lam form arises for p = r — k and dim(V) = kp, see (5.20).

Example 5.4.6 (p = 2). Let Vs = V(qu2, ¢34, ¢z6) C Gr(2,6) be the codimension 3 positroid
variety given by 5 = (2,2,2). Its Chow—Lam form was derived in Example 5.3.1. We
now compute the higher Chow—Lam form CL%,2 ). The locus Cﬁgﬂ) consists of all subspaces
L € Gr(4,6) such that the curve V3 N Gr(2, L) is singular. This corresponds to cutting
the Grassmannian Gr(2,4) with three hyperplanes in P° such that the intersection is a

singular curve. The corresponding equation ng( ) is irreducible of degree 6 in primal Stiefel

2.4
coordinates. If we replace these by the columns of the 6 x 3 matrix X = [xl/\rg T3/\Ty ZE5/\1]6] )
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then we obtain a reducible polynomial of degree 12 in the entries of the 4 x 6 matrix X =
[x1, 9, ..., Tg]:

2 3
CL&; = CE}B(QA) = DPi1aPsaPss = det(xs, x4, x5, x6) det(z1, o, 25, x6) det(z1, x2, 3, T4).

This is similar to the identity in (5.18). The factorization has a geometric meaning: Consider
the curve of lines that intersect three given lines in P3. This curve is smooth if and only if
the three lines are pairwise disjoint. Thus Cﬁgﬁ) has three irreducible components. o

In this chapter we introduced a new discriminant, the Chow—Lam form. This was inspired
by computations in particle physics, but is of intrinsic interest in computational algebraic
geometry. In the following chapters we ask purely algebra-geometric questions about it,
inspired by properties of the Chow form.
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Chapter 6

Chow—Lam Recovery

This chapter is based on the paper | | with Kristian Ranestad, and is almost identical,
except that some preliminary material has been removed.

We are interested in projections between Grassmannians induced by projections of the
underlying projective spaces. That is, fix an n X r matrix Z of rank r and consider the map

7 : Gr(k,n) --» Gr(k,r)

M) > [MZ] (6:)

where M is a k x n matrix and [M] is its rowspan. When k = 1 we recover linear projections
between projective spaces. These are exactly the linear projections which arise in the context
of the amplituhedron; see Definition 1.1.1.

In this paper, V will be a subvariety of Gr(k,n) of dimension k(r — k) — 1 for some
r <n. Let Z(V) denote the closure of the image of V under the projection map induced by
Z. Then for a general Z the variety Z (V) is expected to be a hypersurface in the target
Grassmannian, and is thus cut out by a single equation.

We ask the question: can V be recovered from the data of all possible projections Z(V)?
Let Z71(Z(V)) denote the pre-image of Z(V) in Gr(k,n). We have the containment

v C (Z2'(ZW)). (6.2)

If £ = 1, equality holds in (6.2), for reasons we explore in the coming paragraphs. In general
the right side may be strictly larger.

We now explain how this question is related to the recovery of a variety from its Chow—
Lam form. If A, B are subvarieties of P”, we define their join AV B to be the closure of
the union of all lines ab spanned by distinct points @ in A and b in B. The fibers of the
projections Z of the form (6.1) can be described using join. Let Kz € Gr(n — r,n) be the
projectivized kernel of the r x n matrix Z7.

Lemma 6.0.1. Fiz a linear space P € Gr(k,n), and assume that Kz does not intersect P.
Then PN Ky is in CLy if and only if P is in Z=Y(Z(V)).
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Proof. Observe that Z '(Z(P)), as a subset of Gr(k,n), is exactly the Grassmannian
Gr(k,PV Kz). So Z(P) isin Z(V) only if PV K contains as a subspace some ) € V. [J

Inspired by Lemma 6.0.1, we define the recovered variety of a variety in Gr(k,n).

Definition 6.0.2 (Recovered variety). Let V C Gr(k,n) be a variety of dimension k(r—k)—1
for some r < n. We define the algebraic set

Wy :={P € Gr(k,n) : Q€ CLy whenever ) D P} (6.3)
and call it the recovered variety of V.
For simplicity we will call Wy, a variety, but in general it may be reducible.
Lemma 6.0.3. The varieties Wy, and (), Z~*(Z(V)) are equal.

Proof. We recall from Section 5.2 that the dimension of @ is n —r + k — 1. Note that if
@ D P, then Q@ D PV A for every A € Gr(n —r,@Q), and each such A is the projectivized
kernel K for some n x r matrix Z. We conclude using Lemma 6.0.1. [

For the Chow form, we have that Wy, = V. That is, any projective variety can be uniquely
recovered from its Chow form. In fact, this was the original motivation for Chow and van der
Waerden to study these polynomials | ]. However, this is not true for the Chow-Lam
form: two different varieties may have the same Chow—Lam form, as in Example 6.0.4.

Example 6.0.4 (A ruled quadric). Let X be a quadric surface in P2. Then X has two
rulings, which give two curves V and V' in Gr(2,4). Recall from Example 1.3.3 that the
Chow-Lam locus of each of these curves is the dual variety XV to X. Thus W) contains
VYV U V', In particular, unique recovery from (6.1) fails in this example. o

The structure of this chapter is as follows. In Section 6.1 we will review the theory of
Chow-Lam forms and their computation. In Section 6.2 we will discuss a general criterion
for a point in Gr(k,n) to lie in Wy,. The remaining three sections are devoted to examples.
Section 6.3 discusses curves and surfaces, Section 6.4 describes families of varieties with
the same Chow—Lam form, and Section 6.5 describes Wy, when V is a Schubert hyperplane
section of the Grassmannian.

6.1 Computation of recovered varieties

Suppose that V C Gr(k, n) is a variety of dimension k(r — k) — 1 for some r > k. Then the
Chow-Lam form of V can be obtained by first computing equations of the incidence variety

o ={(P,Q): PCQ}CGr(k,n)xGr(n—r+k,n).

We then intersect ® with V x Gr(n —r+ k,n) and project to the latter factor. Algebraically,
this corresponds to taking the sum of the ideal of ® with the ideal of V), saturating appro-
priately, and eliminating the variables in Gr(k,n).
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Example 6.1.1 (Equations of incidence variety). Suppose k = 2,n = 4, and r = 3. The
incidence variety ® will consist of pairs of lines and planes in P? such that the plane contains
the line. If p; are the primal coordinates of the plane and ¢;; are the dual coordinates of the
line, then the ideal of ® is generated by

q12P1 — 423P3 — G24P4,  q12P2 + q13P3 + q14D4,

(6.4)
@13P1 + G23P2 — q34P4,  q14P1 + Q24P2 + G34D3-

&

Given the Chow-Lam form CLy of a variety V, the variety W), can be computed as
follows. We expand the dual Pliicker coordinates of AV P € Gr(n —r + k,n) in terms of
dual Pliicker coordinates of A € Gr(n — r,n) and P € Gr(k,n), then collect coefficients
of monomials in the ¢;(A). When AV P € CLy, these coefficients are polynomials in the
variables ¢;(P) which define the variety Wy, Note that this process produces not only a
variety, but a scheme; indeed, we define the recovered scheme W, to be the scheme defined
by these polynomials. In the classical case of the Chow form, cf. | , Theorem 1.14], the
scheme W, is equal to V exactly at the smooth points of VV and has embedded components at
the singular points. We can see this in Example 6.1.2. In the Chow—Lam case the situation
is more complicated: even for a smooth subvariety V of the Grassmannian with Wy, =V,
there may be embedded components in W),, as in Example 6.1.3.

Example 6.1.2 (Singular quintic in P?). Consider the curve V C P3 given parametrically by
[s:t] — [s°: s 1 3% : 7], Let P® have coordinates xy, x5, 23, ¥4. Then V has a singularity
of Jacobian degree 4 at [0 : 0 : 0 : 1] and is otherwise smooth; that is, the vanishing
of the Jacobian and the equation for V define an ideal of length 4 whose variety is that
point. Because the curve is given to us parametrically, we can also compute the Chow form
parametrically: it is the closure of rowspans of matrices

1t 2 ¢t
LS_LL b ¢ d}

and obtained by eliminating ¢, a, b, ¢, d. In primal Pliicker coordinates this gives

Cy = p?4 —p?3p14p24 + 32912]?1329%4]?24 + p?2p34
+ PlaD3a — DlaDasPaa — AP12DiaP1aD3a + 2DioP14D34-

We view the p;; as primal Pliicker coordinates of the line  V y where  and y are points in
P3. Then z is in V if and only if 2 V y is in Cy for all y € P3. Thus we can make the change
of coordinates pi1o = x3y4 — x4ys3, etc. Collecting coefficients of monomials in the y variables
gives us an ideal which is the intersection of two primary components. One is the ideal of
V), and the other is the degree 16 ideal

2 3 2 2 3 4 3 .22 3 2 4 3
(x5, T34, TTZT 4, THT3T 4, THTa, Ts, Toly, T3Xs, Toks — T1T5L4, Ty — T1T5)

whose variety is the point [0:0: 0 : 1]. o
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Example 6.1.3 (Curve in Gr(2,4)). Consider the curve V in Gr(2,4) given by tangent lines
to the quintic in Example 6.1.2. In dual Pliicker coordinates, this curve is given by

V = V(g3, — 4¢23G34, 3q14G24 — 10q13G34, Q13024 — 6q12G34, 8634 — 25G23G04,
G23q14 — DG12G34, 15G55 — 441314, 2013G23 — 3q12G24, 515 — 9q12G14)-

Then V has a singular locus consisting of two points [0:0:0:0:0:1Jand [1:0:0:0:
0 : 0], each of Jacobian degree 2. The Chow—Lam form of V in Gr(3,4) = P? is the degree 7
form given in primal Pliicker coordinates by

CLy = 16p3p; + 108p;p5 — 128p,p3pa
— 900p2pap3ps + 256p5p3 + 2000p3papsp? + 3125pipS.

Here CLy can be computed by using the equations in Example 6.1.1 and eliminating.
The ideal of the recovered scheme has three primary components of degrees 14,42, and 52.
Their corresponding varieties are the curve V and the two singular points. This is an example
where Wy, and V are the same as algebraic sets, but scheme-theoretically different even at
the smooth points, as seen by the degree. o

To keep our discussion simple, we will restrict ourselves to considering the recovered
variety W, as an algebraic set. We end this section by noting that the dimension of Wy, may
be higher than that of V.

Example 6.1.4 (High dimension Wy,). Choose a basis ey, ..., e, of C". Let W C Gr(k,n) be
the Schubert variety of subspaces meeting e,, which we now view as a point in P*"~!. Then
W is isomorphic to the Grassmannian Gr(k—1,n—1). Let V be a generic (k —1)-dimensional
subvariety of WW. We claim that WW and V have the same Z-projections for a generic matrix
Z of dimension n x (k 4 1). Thus W will appear as a component in W,.

To see this, let Z, be the last row of Z. Then we may view Z, as a point in P¥. The
projection Z(W) consists of all (k — 1)-spaces in P* meeting the point Z,. So Z(W) is a
hyperplane in Gr(k, k + 1) = (P*)V. To conclude it suffices to show that Z(V) has the same
dimension as V for generic V C W. But this follows by | , Proposition 4.8], which
gives cohomological conditions on V for the dimension of the projection to agree with the
dimension of the variety.

How much bigger is W? It has codimension n — k and dimension (k — 1)(n — k) in
Gr(k,n). Recall that V has dimension k+ 1. Thus as k increases, we get a family of examples
which show that Wy, can be arbitrarily large compared to V. o

6.2 A recovery criterion

Fix a variety V C Gr(k,n) of dimension k(r — k) — 1 for some r. In this section, we will
establish a general criterion for a point P € Gr(k,n) to be in Wy,.
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Fix a linear space P C P"! of dimension k& — 1. Then we may stratify V as follows. Let
Vp,={P' €V :dimP' NP >i} C Gr(k,n)

be the Schubert variety of spaces in V which meet P in dimension at least i. We take the
empty set to have dimension —1. Then we have

V=Vp_1DOVpoD..DVpr_1,

where the last term is nonempty exactly when P itself is in V. We begin with a lemma on
the dimension of certain Schubert varieties, then state our main theorem. Let Q C Pm~!
be a subspace of dimension m and assume [ > m. Then we denote by Q(Q) C Gr(l,n) the
Schubert variety of subspaces that contain Q).

Lemma 6.2.1 (Dimension). Suppose @ C P"! is a subspace of dimension m. Then the
variety Q(Q) has dimension (I —m — 1)(n —1) in Gr(l,n).

Proof. The Schubert variety 2(Q) is isomorphic to the Grassmannian Gr(l—m—1,n—m—1),
so has dimension (I — m — 1)(n — 1) in Gr(l,n). O

Theorem 6.2.2 (Recovery criterion). Let V C Gr(k,n) be a subvariety of dimension k(r —
k) — 1. If a linear space P € Gr(k,n) is in the recovery Wy, then for some 0 < i <k — 1,
the variety Vp,; has dimension at least (k —i —1)(r — k).

Proof. The proof is essentially a dimension argument. Consider the Schubert variety Q(P) C
Gr(n —r+ k,n) of (n —r + k — 1)-spaces containing P. Observe that a linear space P is in
the recovery if and only if every point of Q(P) is also a point of Q(P’) for some P’ € V.

So we consider the incidence correspondence

Ip={(R,P)| ReQP)NQP),P €V} C Gr(n—r+k,n)x Gr(k,n),

with projections 7 : Ip — Q(P) and «’ : Ip — V. Then P is in the recovery if and only
if 7 is surjective. The latter is the case only if the dimension of Ip is at least (n —r)(r —
k)= dim Q(P). Now Ip may have several components since the fibers of 7/ may differ in
dimensions. The fiber (7/)~!(P’) is the variety Q(P A P’) C Gr(n—r+k,n). The dimension
of this fiber depends on the dimension of the intersection P N P’. Observe that

dim P’V P = dim P’ + dim P — dim(P' N P).

When P' € Vp;\Vp;+1, the span PAP’ of P and P’ has dimension 2k—i—2, so Q(PNP’) has
dimension (n—r—k+i+1)(r —k). Therefore the preimage over Vp,; dominates Q(P) only if
dimVp,;+(n—r—k+i+1)(r—k) > (n—r)(r—k),i.e. whendimVp; > (k—i—1)(r—k). O

For example, let V be a surface in Gr(3,n), whose points represent planes in P"~!. Then
dimV =2 =3(r —3) — 1, so r = 4. If a plane P is in Wy, then by Theorem 6.2.2 at least
one of the following must be true:
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e (i =0): P meets each P’ € V in a point, or

1) : P meets a one-dimensional family of P’ € V in a line, or

o (i
e (i=2): Pisin V), ie. meets a point in V in a plane.

The dimension condition in Theorem 6.2.2 may be satisfied for multiple ¢. For example,
suppose all planes P’ in V contain a fixed line L in P*"~!. Then for any plane P not in V
containing L, the dimension condition is satisfied for both ¢ = 0 and 7 = 1.

Theorem 6.2.2 gives a necessary condition for P to be in the recovery, but it is not
sufficient in general. Even if the variety Vp; has high dimension, the map 7= may have
high-dimensional fibers and so may not be surjective.

Example 6.2.3 (Counterexample to the converse of Theorem 6.2.2). This example will
show that the condition in Theorem 6.2.2 is not sufficient for P to be in Wy,. Let n be large,
and let e; be the 7th standard basis vector. Fix the plane ) := e; V e3 V e3 and the 3-space
P := e VeyVes Ve Next, we let V) be a 4-dimensional subvariety of Gr(4,n) with the
property that all P’ in V;

i) meet () in at least a line
i) meet e, 1 Ve, in at least a point.

Finally, choose a general 7-dimensional variety V C Gr(4,n) containing V;. Then r = 6 and
the Chow-Lam locus CLy lives in Gr(n — 2,n). The dimension of Vp; is at least (k — 1 —
1)(r — k) = 4, which per Theorem 6.2.2 is necessary for P to be in the recovery; indeed, the
dimension of Vpj is lower than 6 if V is chosen generically. However, we will see that P is
not in the recovery.

To see this, take the codimension two subspace R C P*~! given by the span of all vectors
except e, 1 and e,. Then R contains P, but by construction cannot contain any P’ in V.
If V is chosen generically to contain Vi, then R will not contain any P’ in V either. Thus
7 Ip — Q(P) is not surjective, and P is not in the reecovery Wy,. o

6.3 Chow—-Lam locus as a dual variety

Given a variety V C Gr(k,n), we define Xy, C P*~! to be the union of all (k — 1)-spaces in
V, or equivalently the image under the projection to P"~! of the incidence

{(z,P) |z e PCP"' PeV} C P! xGr(k,n).
The following proposition is a generalization of Example 6.0.4 of the quadric surface.

Proposition 6.3.1. Let V be a subvariety of Gr(k,n) of dimension k—1. Then the dual X3} is
contained in CLy, with equality whenever their dimensions agree. In this case a (k—1)-space
P belongs to Wy if and only if its dual linear space P+ is contained in Xy,



120

Proof. Note that if n is less than 2k, then Xy, = P"~! and its dual is empty, meaning the
proposition has no content. For the rest of the proof we suppose that n > 2k. Here r = k+1,
so the Chow-Lam locus is a hypersurface in Gr(n —1,n) = (P"~!)V. Take any tangent space
to Xy at a smooth point x. Then it must contain all linear spaces in Xy, through z. In
particular it contains all (k — 1)-dimensional linear spaces through x that belong to V. But
by definition, x is in at least one (k — 1)-space in V. Thus any hyperplane that contains such
a tangent space, i.e. any hyperplane that belong to X/, is in the Chow-Lam locus. Both
X and CLy are irreducible, so we have equality whenever their dimensions coincide. In this
case the last statement of the proposition is immediate. O

Let us apply Theorem 6.2.2 to curves. When a curve V C Gr(k,n) has a Chow—Lam
form, then k(r — k) —1 = 1. Thus either £ = 1 and we are in the ordinary case of Chow
forms, or k = 2 and r = 3 and the Chow—Lam form defines a hypersurface in Gr(n — 1,n).
In the latter case, the Proposition 6.3.1 applies, and the Chow—Lam form defines the dual
variety X, whenever the latter is non-degenerate.

More generally, when V C Gr(k,n) has a Chow—Lam form and k(r—k)—1 = p—1, where
p is prime, then k£ = 1 and we are in the case of Chow forms. Else, k = p,7 = p+ 1 and the
Chow—Lam locus lives in Gr(n — 1,n). We have the following corollary of Proposition 6.3.1:

Corollary 6.3.2. Fix a variety V C Gr(k,n),k > 1 of dimension p — 1 for p prime. Then V
has a Chow-Lam form only if £ = p and CLy C (P"!)". In this case, a (p — 1)-space P is
in the recovery Wy, if and only if P+ C XY/.

In the case p = 2, i.e. when V is a curve with a Chow—Lam form, then k& = 2. With this
assumption we can prove a stronger statement.

Corollary 6.3.3. Let V C Gr(2,n) be a curve such that the ruled surface Xy is not a cone.
Then a line L € P"~! is in the recovery Wy if and only if L C Xy.

Proof. When the surface scroll Xy, is not a cone, the dual variety X/ is a hypersurface which
coincides with the Chow-Lam locus. If L is a line contained in the surface Xy, then every
hyperplane that contains L will contain a line that belongs to V, so L will belong to the
recovery Wy,. For the converse, we will show that if L is not contained in Xy, then we can
find a hyperplane that contains L but no line in V.

First note that since Xy is not a cone, only finitely many lines in V intersect L. Now,
consider a general codimension two linear space () that contains L. It will intersect Xy, in
finitely many points. So there are only finitely many lines in V that intersect (). But then
there are only finitely many hyperplanes that contain both ) and a line in V. Therefore a
general hyperplane containing () will contain no line in ). O]

Example 6.3.4 (Hirzebruch surface). Consider the Hirzebruch surface

F, = P(Op (1) ® O (a + 1)).
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Since F,_; is the projectivization of a bundle, there is a map 7 : F, — P! whose fibers are
isomorphic to P!. Then F, is ruled by these fibers, all of which meet the curve L C F,
corresponding to the line subbundle Op:(1). Note that

H(F,, O, (1)) = H'(P', Op (1) ® Opi (a + 1)).

The latter space has dimension a + 4. Thus Op, (1) gives an embedding of F, into P™3. Let
V be the curve in Gr(2,a + 4) whose points are the lines in the ruling of X. Then the image
of L is a line and the recovery of V will contain this line as a point in Gr(2,n) \ V.

For a concrete example, let @ = 1. Then X is the closure of the embedding

(C)?> = P!
(s:t) > [1:5:5%:st: s

Each line in the ruling is given by fixing s. Parametrically, they are rowspans of

1 s s20 0

1 s s s s

These lines form a curve V C Gr(2,5) given by the Pliicker relations and

V(C]45, 434 — 425,924 — q15, 423, 413, Chz)-

The Chow—-Lam form may be calculated parametrically by adding two rows to L, and is
Pspi — P2paps + P13

The recovered scheme will be the original curve as well as a fat point of length 25, whose
radical ideal consists of all Pliicker coordinates except for qu5. This is the line spanned by
0:0:0:1:0land [0:0:0:0: 1] obtained in the closure of the embedding by allowing ¢
to approach infinity. o

In a surface scroll Xy, there may even be two lines L; and Ly in the scroll that are not
rulings. In this case every line in the ruling is in the linear span of L; and Lo, i.e. a P3.
Then n = 4 and the scroll Xy, is a surface of degree d; + dy in P? with multiplicity d; along
Ly and multiplicity dy along L,. We explain these multiplicities as follows. We have that
V C Gr(2,4) is contained in the quadric surface of lines meeting L; and Ls. The surface Xy,
is the birational image of Py,(£1+L,) in P3. Here £; is a line bundle of degree d; and L; is the
image of V by a basepoint free pencil of sections of £;. The degree of Xy, is then computed
on Py(Ly + Ly), or in P2, The map of V to L; has degree d;, so X must have multiplicity d;
along L;. The degree of Xy in P? is computed as a sum of intersection multiplicities with a
line. A general line that intersect L, and L, will meet Xy, only in these lines, and the sum of
intersection multiplicities is the sum of the multiplicities of Xy, along these lines, i.e. d; + ds.

Example 6.3.5 (Maps to a curve and a line). Consider a curve C with a d; : 1 map ¢; to
P! and a birational map ¢, to P"~3 with image a curve C of degree dy. Next, we embed
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\

Figure 6.1: Construction of a rational scroll

P"=3 and P! as non-intersecting linear spaces in P*~!. Let X be obtained by joining, for
each ¢ € C, the points ¢;(c) and py(c) in P"~!. Then the two maps ¢; and @, define a map
C — Gr(2,n) with image V such that X = X;,. The recovery of V contains the line ¢;(C)
in X that does not belong to V. o

Analogously, we find surfaces V C Gr(3,n),n > 10 for which W, # V.

Example 6.3.6. (Maps to a surface and a plane). Suppose an abstract (not embedded)
surface S has two very ample linear systems L1, Lo and a basepoint free 2-dimensional linear
system Ls. Let Xy be the 4-dimensional P?-scroll spanned by the images of S by the sum
of the three linear systems (composed possibly with a general linear projection to P"~1 with
n > 10). This gives us an embedding § — V C Gr(3,n) such that the plane image of S by
L3 belongs to the Wy, but not to V. o

6.4 Multi-ruled varieties

In this section we generalize Example 6.0.4 and construct subvarieties of Gr(k, n) which have
the same Chow-Lam form. We begin with an immediate corollary of Proposition 6.3.1.

Corollary 6.4.1 (Multi-ruled varieties). Let Vi, Vs be subvarieties of Gr(k, n) of dimension
k — 1. Let X; C P! be the closure of the union of linear spaces in V; for i = 1,2. Suppose
that the duals X' are non-degenerate. Then X; = X, if and only if V; and V, have the
same Chow—Lam locus.

Example 6.4.2 (Segre varieties). Consider the Segre embedding Yy := PF~! x P11
P¥*~1. Let V; and V, be the two (k—1)-dimensional subvarieties of Gr(k, k2) that parameterize
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(k — 1)-spaces in Y. That is, V; parameterizes the (k — 1)-spaces in the second factor,

V) = {Seg({p} x P" 1) € Gr(k,k?) : p€ Pk_l},

while Vs, parameterizes the (k — 1)-spaces in the first factor. Then the ruled varieties X; as
in the Corollary 6.4.1 coincide with Y. In the special case of £ = 2, the resulting variety
¥; is a quadric surface in P3, and we recover Example 6.0.4.

More generally, the dual variety of X is non-degenerate | , Theorem 0.1]. Thus
Corollary 6.4.1 tells us that V; and Vs both have Chow—Lam locus equal to X}. o

Example 6.4.3 (Multi-Segre varieties). We can also consider Segre embeddings with more
factors than two: for example, P! x P! x P! x P! — P, Let V; be the variety in Gr(2, 16)
corresponding to embedding the ¢th factor, and letting points on the other factors vary. In
other words, V; is a family of lines parameterized by P! x P! x P*. Then dim V; = 3, and so
V; has a Chow—Lam locus which lives in Gr(16 — 4 + 3,16) = Gr(15,16). It is exactly the
dual variety to the Segre variety.

More generally, for any k > 2,4 > 0, the Segre embedding (P*~1)**2 is ruled by ki + 2
families of (k — 1)-spaces. This gives an example of ki + 2 varieties in Gr(k, N) with the
same Chow-Lam locus, where N = k¥*2 — 1. Each variety has dimension (ki + 1)(k — 1) =
k(r—k)—1, where r = ki+1—i+k. By | , Theorem 0.1] the dual variety of the Segre
embedding is non-degenerate. Thus the Chow—Lam form of each V; equals this variety. ¢

In the previous examples, the ambient Grassmannian Gr(k,n) has n equal to a power
of k. We now give a family of examples in Gr(k,2k) of varieties with the same Chow-Lam
form, thereby demonstrating that the failure of unique recovery can also occur in smaller
Grassmannians. Fix an integer £ > 2. We identify P*~1 with the space of k x k matrices,
and use S to denote the hypersurface in P¥*~! cut out by the determinant. This has two
rulings V;, Vs by linear spaces of codimension k, which we explain as follows. For i € [k], let
R;(x) denote the ith row of the k x k matrix x. Then R;(z) is a vector of length k. Consider
the map

P*t — Gr(k, k?)

6.5

[ay: ... ) — {z e PF ZalRl(x) + -+ apRy(x) = 0}, (6.5)

The last equality is an equality of vectors, so each point [ay : --- : ai] yields a linear space
of codimension k.

The dual variety of Sy is the Segre variety > | , Proposition 1.4.11]; thus Sy

has a degenerate dual, and we cannot apply Corollary 6.4.1. However, we may remedy the
situation by taking a general linear section. The resulting Chow-Lam form will have degree

(2::12), which is the degree of the Segre variety.

Proposition 6.4.4 (Chow—Lam forms from determinantal varieties). Fixz an integer k >
2 and a general linear space L in CF? of dimension 2k. Then the determinantal variety
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Dy, :=PLN Sk has two rulings of (k — 1)-spaces. These two rulings yield two subvarieties in
Gr(k, L) = Gr(k, 2k) whose Chow—-Lam loci coincide, and equal Proj; (X)) C P(L)Y.

Proof. Note that PL* has dimension k? — 2k + 1, whereas the Segre variety ¥, has dimension
2k —2. Thus they will not intersect if L is general. This means the projection of ¥ to L does
not have a base locus. In this case, the dual variety of a linear section PL N Sy coincides with
the projection Projp; (Xx) | , Proposition 1.4.1]. By a dimension count, the latter is a
hypersurface. Thus D, has a non-degenerate dual, and we may apply Corollary 6.4.1. The
two subvarieties of Gr(k, L) are the intersections of the varieties V;, V, with Gr(k, L) inside
of Gr(k, k?). O

We illustrate Proposition 6.4.4 with the concrete example of £ = 3. In this case we
uncover a connection to lines on a cubic surface.

Example 6.4.5 (Cubic surface). Consider a 3 x 3 matrix M filled with linear forms in six
variables. Let D3 denote the determinantal hypersurface cut out by det M. By Proposition
6.4.4 and the discussion preceding it, we have that Djs is ruled by two families Vi, Vs, of
planes. Concretely, let Ry(x), Ro(x), and Rs(z) be the three-dimensional vectors of linear
forms coming from the rows of M. Consider the map

P? — Cr(3,6)
[a:b:cl{x P’ : aRy(x) + bRy(x) + cR3(z) = 0}.

This gives a subvariety V; of Gr(3,6) which rules D3 with planes. One repeats the construc-
tion with columns to obtain another ruling V5. The common Chow—Lam locus of V; and Vs
is the projection of the Segre variety S5 from (P®)" to (P°)Y. Its degree is (* %) = 6.

There is another way to interpret this six. To obtain the degree of Dy, we intersect it with
a line in (P°)Y. This is equivalent to intersecting S with a general pencil £ of hyperplanes in
IP5. The base locus L of this pencil, namely the intersection of all hyperplanes in the pencil,
has dimension three. The six intersection points H, ..., Hg of Dy with £ lie in the common
Chow-Lam locus of V; and V,. Thus each of the six hyperplanes H; contains two planes P,
and P! in Dy. Moreover, H; contains L, so P; and P! each meet L in a line.

The linear section Dy N L is a cubic surface in L = P3. It is well-known that every smooth
cubic surface contains exactly 27 distinct lines. The pairs of planes (P;, P/) give two families
of six lines on the cubic surface, which form a “double six”; namely, they do not pairwise
intersect and any line from one family meets exactly five lines from the other family. o

6.5 Schubert arrangements

In this section we explore in detail the case where V is a linear section of Gr(k, n) by Schubert
divisors. In this case the variety Wy, contains additional linear components not in V.

Let H be a linear space of codimension k in P"~1. Let Q;(H) C Gr(k,n) be the variety
of subspaces in P"~! which meet H. In our notation, €;(H) is isomorphic to the Schubert
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variety 2, i.e. the Schubert variety of codimension 1 in Gr(k,n). In this section, we will
consider Schubert varieties of the form Q) = Q,(H,)N---NQ, (H;), for j general linear spaces
H;, with j = k(n —r) + 1 for some k < r < n. We will refer to the Schubert varieties in
Wy \ V as recovered Schubert components. Note that our notation for €] does not depend
on n; we will show that given j, there is a set of recovered Schubert components which will
appear for any n large enough.

Example 6.5.1 (Threefold in Gr(2,5)). Choose H;, Ho, Hy general planes in P*. Consider
the threefold V = Q3 of lines in P* meeting all three planes. The Chow-Lam locus of V will
live in Gr(3,5). Then W)y is the variety of all lines L such that for all planes @) containing L,
() also contains a common transversal to Hy, Hy, and Hz. We claim that Wy, also contains
three extra components of each of two equivalence classes:

i) The Schubert variety 3 of lines meeting H; N H;
ii) The Schubert variety 252 of lines contained in H;.

Let @ = P? be any plane. For a generic choice of @, the planes H,, H,, Hs will intersect
(@ in three points py, p2, p3, which do not have a common transversal. To show that L is in
the recovery, we need to check that the condition ) D L forces p1, ps2, p3 to have a common
transversal in Q).

For case (i), suppose L meets H; N Hy and consider the geometry in a generic plane
Q = P? containing L. Then ) also contains the point p = H; N Hy € L. Thus the line pps is
a common transversal to Hy, Hy, Hs.

For case (ii), suppose L is contained in H; and consider a generic plane @) containing L.
Then H; intersects () not in a point, but a line: the line L itself. Then the line pops will
intersect L in () by Bézout’s theorem. Thus paps will be a common transversal to Hy, Hs, Hs.
Both these cases are illustrated in Figure 6.2.

Finally, we note that ¥V = Q3 C Gr(2,n) will have these recovered components for all
n > 5, since nothing about the geometry in () uses the value of n. o

Example 6.5.2 (Codimension seven variety). Similarly, Q] C Gr(2,n) will have recovered
Schubert components of two classes: (g) of type Q2 (lines contained in H; N H; N Hj,) and

(Z) of type 7 (lines meeting H; N H; N H, N H)).

To see this, we observe that the Chow-Lam locus lives in Gr(5,n). Consider a general
subspace () in the Chow—Lam locus. Then () has dimension 4 and contains seven planes
P, := QN H;. A generically chosen () will not contain a transversal to Py, ..., P,. We would
like to show that if ) is specially chosen to contain a line L in one of the Schubert classes
above, then () must also contain a transversal line L’ to the seven P;.

For an example of the first type, consider the case n = 8 and let L denote the line
H, N Hy N Hz. Suppose ) contains L. Then any line L’ in () which meets L and Py, ..., Pr
will be a common transversal to the seven planes. The subvariety of such L' in Gr(2,5) has

cohomology class [€2][€]* # 0, and thus a common transversal must exist.
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L= H NQ

D2

L isin Q3 L isin 9272
Figure 6.2: Geometry in @) = P?

For an example of the second type, consider the case n = 9 and a line L that meets the
point H; N --- N Hy. Suppose ) contains L, and thus contains the intersection of the four
hyperplanes. Then any line L' in @) through the point H; N ---N Hy and meeting Ps, P, Pr
will be a common transversal. This has class [3][€]3, which is nonzero in H*(Gr(2,5)).

Note that we have conditions on n in both cases for these components to actually appear
for generic H;. For the class {2g2, we must have that the three H; intersect in at least a line
in P"!, so that L can be contained in the intersection. Thus we want (n — 1) — codim H; N
HyNH; = (n—1)—3-2> 1, meaning that n is at least 8. For the second class, we want
that (n — 1) — codim Hy N Hy N H3N Hy > 0, so n > 9. Also, n must be at least 8 and 9 for
Q62 and 27 to yield nonzero classes in the cohomology of Gr(k,n). o

It turns out that Q%™ < Gr(k,n) will have additional recovered Schubert components
for all ¢, provided that n is sufficiently high. Here we list some recovered components for
small £ and ¢, assuming that n is higher than a lower bound described in Theorem 6.5.3.

Theorem 6.5.3. Fiz k and i > k. Consider V := Q¥ c Gr(k,n) forn > k(i +1) + 1.
Then the Chow—Lam recovery Wy, will contain recovered components of k distinct Schubert

types it 1, Qiii—1)+2)25 Qk(i=2)43)3 -+ Qh(i—kot 1)1k -

Proof. Fix a between 0 and k—1, and fix any ¢+ 1 —a of the k741 codimension k spaces H;.
Let H denote their intersection of codimension k(i + 1 — a) in P*~!. Consider the Schubert
variety of linear spaces of projective dimension & — 1 which intersect H in dimension at
least a. This is isomorphic to ©(4(i—q)tat1)e+1. We will show that this Schubert variety is a
recovered component of Q¥*! provided that a is sufficiently large.
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ki V Recovered  Interpretation, with Lower
NH:=H N...NH; bounds
onn
2 3 Q Q7 Qe line meets NyH, line 9, 8
contained in N3 H
2 4 Q) Qg g line meets NsH, line 11,10

contained in Ny H

2 0 O Qoiy1, Qi line meets M1 H, line  2i+3, 2i+
contained in MN;H 2

3 4 QB Oy3,Q412, Qg3 plane meets N H, plane 16, 14, 12
meets NyH in a line,
plane contained in N3 H

30 QP Qg plane meets M H, 3i+4, i+
Qzi-1)2, plane meets N;H in a 2, 3i
Qsi—3)3 line, plane contained in
N1 H

Table 6.1: Some recovered components for some small values of k£ and ¢

Choose a (k — 1)-space P intersecting H in at least dimension a. Such a space P exists,
because we assumed n > k(i + 1) 4+ 1. This implies

n—1—codim H > a,

where codim H = k(i + 1 — a). Thus P is in the Schubert variety Q—q)+at1)at1-

Note that the Chow-Lam locus of Q¥ is a subset of Gr(i+&,n). Choose a generic space
Q = P+t c P! containing P. Let P, ..., Py.1 be the intersections of the codimension
k-spaces Hy,..., Hy; 1 with Q. We will show that the P; have a common transversal P’ €
Gr(k, Q) = Gr(k,i+ k) in Q. This implies that P is in the Chow—Lam recovery of V.

If @ contains P, then () also intersects H in at least dimension a and any (k — 1)-space
P’ in Q meeting H and the remaining P; is a common transversal. The class of such P’
is ;4 - Q’f”lf(iﬂ*a), which is nonzero in the cohomology ring of Gr(k,i + k). Thus there
exists a common transversal. O

We caution that not all recovered components of Q¥ c Gr(k,n) are of the form in
Theorem 6.5.3. For example, the Schubert variety {225 M {23 of lines contained in H; and
intersecting Hy N Hj is in the recovered locus of Qf C Gr(2,7). Indeed, consider a line L in
this Schubert variety. In a generic 3-space Q = P2, there are five lines L; := H; N Q. If Q
contains L, then L, = L intersects Hy N H3 at a point p. Then p must be in @, so it is also
the intersection point of the lines Ly and L3. Thus there are common transversals of the five
lines: those which pass through the point p and intersect the lines L4, Ls, of which there is
one since [Q] - [%]* = 1 in Gr(2,Q). This is shown in Figure 6.3. However, this case is
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special because ¢ is small, which allows for the possibility that L; is equal to L; for i large,
H; N @ will have dimension higher than k.

Figure 6.3: Geometry of the lines L; in ) = P3

Conjecture 6.5.4. If i > k then all recovered components of Q% are of the form in Theo-
rem 6.5.3.

One could also ask what happens when a linear section of Gr(k, n) is not the intersection
of Schubert hyperplane sections: do generic (k(r — k) — 1)-dimensional linear sections of the
Grassmannian have residual components in their Chow-Lam recovery? This is difficult to
establish in general. The special case of curves may indicate what to expect. Let V be the

intersection of Gr(2,n) with a general linear space of codimension 2n — 5 in P(:)~!. Then V
is a curve, and if n # 4, there is no line L in X, that does not belong to V, i.e. Wy, = V.
This is because Xy, is smooth and therefore contains a line not in the ruling only if V is
rational. But, by adjunction, the canonical divisors on V are the restriction of hypersurfaces
of degree 2n — 5 —n = n — 5, so V is rational only if n = 4. We note that in this case V
must have degree 2.

A threefold example shows that the analysis in general may be more involved. In it we
are able to prove there are no residual components, using the tools developed in Section 6.2.

Proposition 6.5.5. Let () be the intersection of three generic hyperplanes in the Plicker
space PY of Gr(2,5), and let V = Q N Gr(2,5). Then Wy, is equal to V, i.e. has no residual
components.

Proof. Let V be QN Gr(2,5). Then V is a threefold and r = 4. Suppose there is a recovered
line L. By Theorem 6.2.2, we must have that the dimension of the space V, of lines in V
meeting L is at least two.

Since () is generic, the variety )V is a smooth Fano threefold of degree 5. In particular
its Picard group has rank one and is generated by the class of a hyperplane section (cf.
[ , Corollary 6.6]). Note that V), is a divisor in V. Thus its class is some multiple of the
hyperplane class in V.
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We can describe V, even more explicitly. Let T, denote the embedded tangent space
Ty, Gr(2,5) at the point L. The variety Q3 = T, N Gr(2,5) is the four-dimensional Schubert
variety of lines in P* meeting L. Indeed, let L be the rowspan of a matrix A and take a
general line M given as the rowspan of B. Then the expression Jac; Gr(2,5) - (B;;) in dual
Pliicker coordinates is equal to zero whenever all the 2 x 2 minors of the matrix obtained by
stacking A and B vanish. Thus we have a containment

Vo CQNTLGr(2,5)NGr(2,5) = Q3.

Since V is smooth, the linear space @) does not contain [L]. Thus the containment is strict,
and V), is a surface in this threefold.

Since (23 is a linear space, it is its own embedded tangent space at any smooth point M
of Q3. By a standard description of tangent varieties to Schubert varieties, Tj,{23 may be
identified with the space of homomorphisms from L to (M + L)/L, which may be further
identified with the space of rank 2 x 3 matrices. Thus €3 is a cone over P! x P? C P° in
P®, where P° is isomorphic to the projective closure of Ty, Gr(2,5) in Gr(2,5). Since V), is a
surface in this intersection, it has degree at most 3. But the degree of every surface in V is
divisible by five, so this is a contradiction. O

Based on these first examples we boldly conjecture:

Conjecture 6.5.6. Fix r, with k < r < n. Let V be the intersection of Gr(k,n) C PV with
a generic (k(n — r) + 1)-dimensional linear space in PY. Then the algebraic sets Wy, and V
coincide.

Finally, we return to the study of positroid varieties laid out in the introduction and in
Section 5.3. Understanding projections of these varieties would aid in understanding the
amplituhedron itself. The class of examples in Theorem 6.5.3 includes certain positroid
varieties, as some of them can be cut out by generic Schubert divisors.

Corollary 6.5.7. Let n = 2i + 1 be odd and at least three. Consider the positroid variety
V in Gr(2,2n) given by the vanishing of pio, ..., pan—1,2,. Then Wy, #£ V.

Proof. Each condition of the form p; ;1 = 0 defines a Schubert hyperplane. Thus V is of the
form Q7F, and we only need to check the bounds in Theorem 6.5.3. But 2n > 2(i+1)+1 = n+2
whenever n is greater than two. O

It would be interesting to undertake a systematic study of W where V is a positroid
variety, using the tools developed in this chapter.
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Chapter 7

The Segre Determinant

This chapter is based on the single-author paper | |. Tt is mostly the same, but Section
7.5 has now been expanded. and Section 7.6 has been added.

7.1 Definitions and first examples

Fix vector spaces V and W over C of dimensions k and £. Consider r points A; x By, ..., A, X
B, in P(V) x P(W). The Segre matriz of this point configuration is the k¢ x r matrix

A ®B ... A, ®B,|. (7.1)

It is a flattening of the k& x ¢ x r tensor with slices A; ® B;. When r = k¢, the Segre matrix
is square and we call its determinant the Segre determinant. This determinant vanishes
whenever the k¢ points lie on a hyperplane section of P(V') x P(W) in the Segre embedding,
hence the name. Indeed, the equation of such a hyperplane section is in the left kernel of
the Segre matrix. We will use Segy, , to denote the Segre determinant as a polynomial in the
coordinates of the points A; and B;.

The aim of this chapter is to study the Segre determinant and give various applications.
After establishing its basic properties in Section 7.2, we prove our main result in Section 7.3:

Theorem 7.3.2 (Segre Determinant). Suppose k,¢ > 2 and let n = kf. Fix a point A in
Gr(k,n) with non-zero Pliicker coordinates. Then the Chow—Lam form of the torus orbit of
A in primal Pliicker coordinates B on Gr(n—/{,n) equals the Segre determinant Seg;, ,(A, B).

The Segre determinant is a generalization of the classical determinant for £ = 1. The
special case k = ¢ = 2 encodes the condition for two configurations of four ordered points in
P! to be the same up to automorphism; see Example 7.1.1 below. The case k = ¢ = 3 appears
in algebraic vision as a necessary condition for two configurations of nine ordered points in
P2 to be linear projections of a common configuration of ordered points in P? | ].
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Example 7.1.1. Consider four points Al I b1 ey R D14 in the surface
a2 1 52,1 | 02,4 52,4

P! x P!. The Segre matrix looks like

a1,151,1 CL1,251,2 Cl1,3bl,3 a1,4b1,4
a1,152,1 a1,2b2,2 6l1,352,3 a1,4bz,4
@2,151,1 a2,251,2 a2,3bl,3 02,451,4
az,lbz,l 612,252,2 Cl2,3b2,3 a2,4b2,4_

(7.2)

This expression vanishes whenever the four points in P! x P! lie on a common (1, 1)-curve.
We collect our eight vectors into two matrices

A = ajq1 Ar2 i3 Q14 B — 51,1 b1,2 51,3 b1,4
Q21 G292 0423 A24 52,1 52,2 52,3 b2,4

Let [ij] denote the six maximal minors of A and (ij) denote the six maximal minors of B.
Then we compute
Segy o = [12][34](13)(24) — [13][24](12)(34).

It vanishes whenever the cross-ratio % of the four points A; in P! is equal to the cross-

ratio of the four points B; in P'. The cross-ratio is the fundamental invariant for PGL, acting
on (Ph)%. o

The next two sections focus on computations and examples. In Section 7.2 we prove that
the Segre determinant may be written in terms of the maximal minors of the k£ x k¢ matrix
A and the ¢ x k¢ matrix B, generalizing the computation in Example 7.1.1. These minors
generate the invariant rings of SL(k) and SL(¢) acting on (P*~!)" and (P*~1)", respectively
[ , Theorem 3.2.1].

We also discuss how to compute such expressions, which is difficult in practice. This flavor
of question has a long history in classical algebraic geometry, and is related to the problem
of synthetic (ruler-and-compass) constructions. The analogous problem for the Veronese
embedding is to figure out when ("Jr:*l) points in P*~! lie on a hypersurface of degree k.
Pascal’s theorem for £k = 2 and n = 3 is the earliest such result, giving a condition for six
points in the plane to lie on a conic. The Bruxelles problem, posed in 1825 by 1’Académie
de Bruxelles, asks for a synthetic construction to determine when ten points in P? lie on a
quadric surface (k = 2, n = 4). This is a significant leap in difficulty, and a construction was
only recently obtained by Traves [ ].

Such a property of a point configuration is SL(k)-invariant, so we may ask how to write
it in terms of minors of A and B, perhaps thus gleaning some geometric insight. Indeed,
in 1927 Turnbull and Young gave an algebraic expression in terms of the 4 x 4 minors of
the 4 x 10 matrix parameterizing the points | ]. In this spirit, we present the analogous
computation for eight points in P! x P3 and for nine points in P? x P? in Equations (7.9)
and (7.12), respectively.
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Section 7.3 states and proves our main result, Theorem 7.3.2. Finally, we close this
chapter with two other applications of the Segre determinant. Section 7.4 gives an application
of the Segre determinant Seg; ;3 to algebraic vision. In this setting, the Segre determinant
is a necessary condition for two distinct configurations of nine ordered points in P? to be
linear projections of a common set of nine ordered points in P2. Our computation answers
a question of Rekha Thomas about writing this condition in terms of SLz-invariants. This
section is completely independent from Section 7.3.

In Section 7.5 we define the Segre coefficient variety. It parameterizes Segre determinants
as polynomials in the B variables as A varies. We show in Theorem 7.5.2 that every monomial
of the form [[4]---[I,] with I U...U I, = [kf] appears in the linear span of the coefficients
of the Segre polynomial. This results in Corollary 7.5.3:

Theorem 7.5.3. The variety Coeff(Seg, ,) is isomorphic to the GIT quotient (P*)*//,, SL,
where w = 1%* is the linearization.

Thus the Segre determinant uniquely determines torus orbit closures of generic points in
Gr(2,n). However, this fails for £ = 3. We give two torus orbit closures with the same Segre
determinant in Example 7.5.4.

7.2 Properties and computation

We now discuss the computation of the Segre determinant in various coordinate systems. As
in the introduction, fix vector spaces V and W of dimensions k£ and ¢, and let n := k.
Consider the polynomial I'iIlgS (C{aij]lgigk,lgjgn and C[bij]lgigé,lgjgn- As in the introduc-
tion, we may collect the indeterminates a;; and b;; into a k x n matrix A and an ¢ X n matrix
B. Given a subset [ € ([Z]), we define the bracket [I] to be the determinant of the submatrix

of A with columns indexed by I. Similarly, given J € ([Z‘}), we define the bracket (J) to be
the determinant of the submatrix of B with columns J. These rings have actions of SL(k)
and SL(/), respectively, given by left multiplication of the matrices A and B. The following
is sometimes called the First Fundamental Theorem of Invariant Theory.

Theorem 7.2.1 (Theorem 3.2.1 of | ). The brackets [I] generate the invariant ring
Clay]>®.

We denote the invariant ring C[a;]“® by By, and call it the bracket algebra. The Segre
determinant lives in the tensor product Cla;;] ® C[b;;] of C-algebras. It is separately invariant
under the SL(k) and SL(¢) actions on V ® W, and thus may be written either in brackets
[I] and indeterminates b;;, or in brackets (J) and indeterminates a;;. These can be realized
concretely as two different block Laplace expansions of the Segre matrix. The following
result states that Segy , may be written simultaneously in the two systems of brackets.

Proposition 7.2.2. The Segre determinant Segy , is a polynomial of bi-degree (¢, k) in the
brackets [I] and (J).
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The main ingredient in proving Proposition 7.2.2 is the following lemma.

Lemma 7.2.3. Suppose that V and W are finite-dimensional representations of groups G
and H, respectively. Then

Ve WH = (Vo W)oH, (7.3)
Proof. The inclusion C is immediate. For the other inclusion, choose a basis aq, ..., «, for
V¢ and add vectors v; to extend it to a basis for V. Similarly, choose a basis 5, ..., s for

WH and add vectors w; to extend it to a basis for W. We observe that the right-hand side
of (7.3) is contained in the vector space

Véew)n(Vew") C Veaw.

An element f of the intersection may be written uniquely in each basis as

k
f = Z Cij O (029 ﬂj + Z Cij O & W (74)
i<r,j<s i<r,j>s
k
= Z dijo; @ B + Z dijv; @ B;. (7.5)
i<r,j<s i>r,j<s
Since the expressions are unique, we must have that f =", . cijo; @ B;. ]

Proof of Proposition 7.2.2. The proof is mostly type-checking. For clarity, within this proof

we use X when forming the representation of a direct product of groups. The Segre de-

terminant lives in the coordinate ring Sym*(V X W) ® --- @ Sym®*(V X W) of the product

P(VRW)x---xP(VXW). This ring has a multi-grading given by taking the grading in each

tensor factor, and the Segre determinant lives in the component with grading 1" = (1, ..., 1).
Consider the map of SL(k) x SL(¢)-representations

b (VRW)E 5 Ven g yen
(1 ®y) @ ... 0 (1, Ry, = (11Q..0x,) K (11 @ ... Yyy,).

There is a map SL(k) x SL(¢) — GL(V X W) given by (A, B) - z; ® y; = Az; ® By;. The
image lies in SLy, = SL(V X W). Thus there is an inclusion of invariant vector spaces

(7.6)

L ((V ¢ W)@n) SLie SN (V®n %4 W@n)SL(k)xSL(Z)' (7'7)
Finally, by Lemma 7.2.3 we have that
(V®n X W@n)SL(k)XSL(@) — (V®n>SL(k) X (W(Xm)SL(Z)' (78)

By the First Fundamental Theorem of Invariant Theory (Theorem 7.2.1), the right-hand side
of (7.8) is the algebra generated by the brackets [/] and (J). By (?7?) the Segre determinant
Segy, , lies in (V" X W em)SLk)XSLI) “and applying ¢ gives its expansion into brackets [I] and
(J). Note that the total degree of Segy,, in each set of variables a;; and b is n. Since [I]
has degree k and (J) has degree ¢ when expanded into these variables, the bi-degree of the
Segre determinant is (n/k,n/l) = (¢, k). O
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Remark 7.2.4. The Segre determinant has further symmetries. It transforms equivariantly
under the actions of (C*)" on By, and By, obtained by scaling columns of matrix represen-
tatives. It is also invariant (up to sign) under permuting the points A; x B; and, when k = ¢,
exchanging the roles of A; and B;. The equivariance condition and the degree considerations
in Proposition 7.2.2 are enough to deduce, for example, that the polynomial Seg, , in Ex-
ample 7.1.1 is a linear combination of [12][34](12)(34), [13][24](12)(34), [12][34](13)(24), and
[13][24](13)(24). The subvector space spanned by invariants of the aforementioned Sy and Sy
actions is spanned by [12][34](12) (34)+[13][24](13)(24) and [12][34](13)(24)—[13][24](12)(34).
It follows that the Segre determinant is a linear combination of these.

The brackets in By, satisfy certain relations called the Pliicker relations, coming from
the relations between maximal minors of a k x n matrix. As the name implies, these are
the same relations defining the Grassmannian in its Pliicker embedding. Indeed, ProjB; ,
equals Gr(k,n). It is a fact, sometimes called the Second Fundamental Theorem of Invariant
Theory, that the Pliicker relations generate all relations between brackets | , Theorem
3.1.7]

The bracket algebra comes with a convenient basis in each graded component, which
we explain as follows. A Young tableau is the filling of a partition diagram with entries in
[n], allowing repeats. A semi-standard Young tableau has the additional property that the
numbers are non-decreasing within each row and strictly increasing within each column. We
call a monomial [[,]---[/,] in By, standard if the k X r rectangular Young tableau obtained
by stacking Iy, ..., I, vertically and then transposing is a semi-standard Young tableau. For
example, in By 4 the monomials [12][12] and [13][24] are standard, but the monomial [14][23]
is not. There are 21 degree two monomials in total in By 4, 20 of which are standard. This
use of the term “standard monomial” is consistent with the theory of Grobner bases: the
Pliicker relations form a Grobner basis for the ideal of relations in By, under a certain order
called tableau order, and these are the standard monomials | , Theorem 3.1.7].

The semi-standard monomials of a fixed degree r form a basis for the degree r part of
the bracket algebra | , Corollary 3.1.9]. The straightening algorithm applies the Pliicker
relations to put a polynomial in By, ,, into the unique representation such that every monomial
within it is standard. Note that the Segre determinant is an eigenvector of the torus (C*)*
acting on either By s or By xe. Thus each bracket monomial appearing within it has the same
multiset of indices, namely [n]. From here on when we speak of the “standard basis” we
mean the basis of semi-standard Young tableaux for the multilinear component, in which
the multiset of the indices is [n].

Example 7.2.5. The Segre determinant Seg, , has bi-degree (4,2) and a total of 22 mono-
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mials in the standard basis. Its expansion in standard brackets equals

Segy, = — ((1235)(4678) — (1245)(3678) + (1257)(3468))[13][24][56][78]
— ((1237)(4568) — (1357)(2468) + (1345)(2678))[12][34] [56][78]
— ((1235)(4678) — (1236)(4578) + (1356)(2478))[12][34][57][68]
+ (1234)(5678)[15][26][37][48] + ((1234)(5678) + (1346)(2578))[12][35][47][68]
—(1347)(2568)[12][35][46][78] — (1345)(2678)[12][36][47][58] (7.9)
+ (1256)(3478)[13][24][57][68] — (1246)(3578)[13][25][47][68]
+ (1245)(3678)[13][26][47][58] — (1237)(4568)[14][25][36][78]
+ (1236) (4578)[14][25][37][68] — (1235)(4678)[14][26][37][58]
+ ((1234)(5678) + (1247)(3568))[13][25][46][78]. o

One may in principle compute expressions such as Example 7.2.5 by intersecting the
expressions in a;; and b;; with the subring of invariants in Cla;;] ® C[b;;]. This intersection
is typically computed via elimination algorithms which use Grobner bases, such as that in
[ , Section 15.10.4]. However, these are unlikely to terminate. It is far more efficient to
leverage the standard basis and use linear algebra. For instance, to do the above computation
we performed the following steps.

1. Do a block Laplace expansion of the Segre matrix (7.1) in the [I] brackets and then
straighten to the fourteen standard ones.

2. For each standard monomial T" in the [I] brackets:

i. Define fr to be the coefficient of 7" in the variables b;;.
ii. Write fr = ¢1(1234)(5678) + ... + ¢14(1347)(2568), where the ¢; are unknown.

iii. Choose a random degree eight monomial m in the b;; appearing in fr. Its incidence
vector with the brackets (J;)(.J;) imposes a linear constraint on the c;.

iv. Repeat until the coefficients ¢; are determined.

The final step is linear algebra in a 14-dimensional vector space, so it runs very quickly.

7.3 Torus orbits in the Grassmannian

In this section we study torus orbits in the Grassmannian and their Chow—Lam forms; see
Chapter 5. The Grassmannian Gr(k,n) is equipped with an action of T":= (C*)™. In terms
of a matrix parameterization, this may be seen as scaling the columns of a k£ X n matrix
representative. Given any point A € Gr(k,n), we write T4 for the Zariski closure of the orbit
T Ain Gr(k,n). This is a toric variety of dimension at most n — 1. It has dimension exactly
n — 1 if A is general, in particular if the Pliicker coordinates of A are all non-zero. As in the
introduction, we fix positive integers k and ¢ and let n := k(.
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Example 7.3.1 (Torus orbit in Gr(2,6)). Let £ = 2 and ¢ = 3, and let A be a generic point
in Gr(2,6) whose Pliicker coordinates are non-zero. Then T, has dimension 6 — 1 = 5. This
appears as Example 5.3.3, where we computed its Chow—Lam form. We do that computation
in more detail now, as it will mirror the proof of Theorem 7.3.2. The Chow-Lam locus lives
in Gr(3,6) and it is parameterized in dual Stiefel coordinates by the matrices

aptty  aigty  aists aaty  agsts  agele
ag1t1  agaty  agsts Aoty aosls  aogle
hn Yo Ys Ya Ys Yo

Here (ty,...,ts) varies over elements of (C*)%. However, we could also parameterize it in
primal Stiefel coordinates as 3 x 6 matrices B such that, for some ¢t € (C*)%, we have

a1 a1
Q12 A22
bii bz biz by bis big a a
. 13 23
bor bao baz bag bas bog| - diag(ty, ..., ts) - =0.
by bsy bz by bas b @4 A2
31 032 033 034 035 036
15 Q25
Q16 Q26
Re-arranging, we obtain the expression
ai1bi; a12b12 a13b13 a14b14 a15015 a16b16
ay1ba1 1222 a13b23 a14b24 15025 a16b26
ai1b31 a12b32 a13bs3 a14b34 a15b35 a16b36
121 b + 19 b + t3 b + 14 b + t5 b + i b =0.
a921011 (22012 23013 24014 a25015 (26016
21091 22092 2393 a24b24 2525 a26bas
_a2lb31_ _6122532_ _CL23533_ _a24b34_ _CL25535_ _a26b36_

Thus B is in the Chow—Lam locus of T4 in Gr(3,6) if and only if the Segre determinant
Segy 3(A, B) vanishes. In dual Pliicker coordinates on Gr(2,6) and primal Pliicker coordinates
on Gr(3,6), we obtain the expression

Segy; = ([12][34][56] + [14][25][36]) (123)(456) — [13][25][46] (124)(356)
+ [12][35][46] (134)(256) — [12][34][56] (135)(246) + [13][24][56] (125)(346). o

Suppose that n = k¢ for some ¢ > 2. Let A be a general point in Gr(k,n). Then the
Chow-Lam locus is a subvariety of Gr(n — ¢,n). The analysis in Example 7.3.1 extends to
the following result.

Theorem 7.3.2 (Segre Determinant). Suppose k,{ > 2 and let n = kf. Fiz a point A
in Gr(k,n) with non-zero Pliicker coordinates. Then the Chow-Lam form of Ta in primal
Pliicker coordinates B on Gr(n — {,n) equals the Segre determinant Seg,, ,(A, B).
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Note that Theorem 7.3.2 gives another proof of Proposition 7.2.2. Indeed, by Theorem
5.2.5, the Chow—Lam locus lives in a Grassmannian, and its equation may always be written
in the Pliicker coordinates of that Grassmannian. We also obtain the result that the Segre
determinant is irreducible.

We will need tools from later in this section to prove Theorem 7.3.2 completely. For now,
we establish the following lemma.

Lemma 7.3.3 (Factor of Segre Determinant). Fix k,¢ > 2 and let n = k{. Fizx a point A
in Gr(k,n) such that dim Ty = n — 1. Then the Chow-Lam form of Ta in primal Plicker
coordinates B on Gr(n — {,n) divides the Segre determinant Seg, ,(A, B).

Proof. The Chow—Lam locus is the Zariski closure of the set of points B in Gr(n—¢,n) which
contain a subspace t- A for some t € T. Representing B in primal Stiefel coordinates and ¢- A in
dual Stiefel coordinates, we are seeking ¢ x n matrices B such that B-diag(ty, ... ,t,)-A=0.
Re-arranging, we obtain the condition that for some ¢ € (C*)",

i=1
If (7.10) holds, then A} ® By, ..., A, ® B, are linearly dependent. Thus the Chow-Lam
form is an irreducible factor of the Segre determinant. m

Example 7.3.4. For special matrices A, the Segre determinant becomes reducible and the
Chow-Lam form is one of the irreducible factors. For instance, let A in Gr(2,4) be any
point whose Pliicker coordinate [12] is zero. Then 7T is the 3-dimensional variety with ideal
generated by ¢ and the Pliicker relation for Gr(2,4). By Example 7.1.1,

Segy (A, B) = [13][24](12)(34).

However, the Chow-Lam form of T, in primal coordinates is (34). Indeed, the vanishing of
P34 = qi2 exactly cuts out the original variety. The extra factor of (12) represents the lines
passing through the singular point A’ := span(es, e4) in Ta. Indeed, any matrix with psy = 0
satisfies B- A’ = 0. In terms of the proof of Lemma 7.3.3, we have a linear dependence where
the coefficients (0,0, t3,t4) are not in (C*)%. o

To better predict situations like Example 7.3.4, we will introduce some combinatorial
tools to compute the Chow—Lam degree of T4. The matroid of a point A in the Grassman-
nian Gr(k,n) is defined by its bases, namely the collection of indices I € ([Z]) such that the
corresponding Pliicker coordinate ¢; is nonzero. In general, the variety T4 will (up to isomor-
phism) only depend on the underlying matroid of the point A; see e.g. | , Proposition
13.12]. Thus we may denote T4 by Ty, where M is the matroid of A. We let d,(M) denote
the Schubert coefficient §,(7ys) and call the collection of these the Schubert coefficients of
the matroid M. In particular, a(M) denotes the Chow-Lam degree of Tj;.
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The wuniform matroid Uy, has as its bases all size k subsets of [n]. It arises as the
matroid of a point whose Pliicker coordinates are all nonzero. Klyachko | | computed
the Schubert coefficients of the uniform matroid in terms of dimensions of irreducible SL,,-
representations. His formula involves a count #SSYT (A, n) of the number of semi-standard
Young tableaux of shape A with entries in [n]. This formula comes from representation
theory; in that context, the number SSYT(A,n) is the dimension of the irreducible SL,-
representation obtained by applying the Schur functor Sy to the standard representation of
SL,. The partition complement \° is obtained by removing A from a k x (n — k) rectangle
and rotating by 180 degrees.

Proposition 7.3.5 (Theorem 6 of | ). Let X\ be a partition fitting in a k x (n — k)
rectangle. Then the coefficient 6x(Ug,,) is

k

\Urn) = Z(—w’(?;) HSSYTON, |k — ). (7.11)

i=0

Proof of Theorem 7.3.2. By Lemma 7.3.3, the Chow—Lam form divides the Segre determi-
nant. Thus it suffices to show that the Chow-Lam degree of Uy, is k. We do this using
Klyachko’s formula. The complement of « = (n—r+1,n—r, ..., n—r) in the k x (n — k)
rectangle is ¢ = (r — k, ..., r — k,r — k — 1). Because a° has k parts, the contribution to
the sum in (7.11) is nonzero only when i = 0. The semi-standard condition fixes all but the
last column of each tableau of shape ¢, giving that «(Uy,) = k. O

7.4 An application to algebraic vision

Computer vision is the study of “cameras,” namely linear projections from P% to P%, and
how a computer gains information from them. A typical computer vision problem is to
reconstruct an object in 3-space from a set of 2-dimensional snapshots. In algebraic vision,
the object one is taking a picture of is an algebraic variety in P, such as a curve or a
collection of points. The survey | | provides an overview of this research area. For the
rest of this section we work over the field R.

Fix two configurations A and B of eight ordered points in P?. One natural question in
computer vision is: when are they linear projections of a common configuration in P3? To
answer this, consider the 9 x 8 Segre matrix with columns A;® By, ..., As® Bg. This matrix
has a one-dimensional kernel, provided that the point configurations are sufficiently generic
(see | | for the exact conditions). The kernel of the Segre matrix is a 1 x 9 vector.
However, it may also be viewed as a 3 x 3 matrix, which we denote F'. Then a necessary and
sufficient condition for A and B to have a common recovery is that F' has rank two | |.
In algebraic vision F' is called the fundamental matriz.

If one has instead two configurations of nine points, there is an extra condition: namely,
the 9 x 9 Segre matrix must have a kernel. In Equation (7.12) we express the Segre deter-
minant as a polynomial in brackets [I] and (J). This answers a question of Rekha Thomas
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about how to write the condition using SLs-invariants. The expression is relatively sparse,
with 110 terms total in the standard basis, which has cardinality 422 = 1764. It is com-
puted in the same manner as Seg, 4, described in the discussion after Example 7.2.5. A short
script reproducing the computation may be found at https://github.com/lizziepratt/
SegreDeterminant.

Segs 5=[123][456][789](3(123) (457) (689) — (123) (467) (589) +3(124) (356) (789) —3(124) (357) (689) +(124) (367) (589) —
(124)(368) (579) — (125)(346) (789)+(125) (347) (689) -+ (127) (348) (569) — (134) (258) (679) — (135) (247) (689) +
(145)(267)(389) +(147)(258) (369))-+[123][457][689] (—3(123) (456) (789) +(124) (368) (579) — (126) (348) (579) +
(135)(246) (789) — (146) (258) (379))+[123][458] [679] (— (124) (367)(589) — (125) (346) (789) +(126) (347) (589) +
(146)(257)(389))+[123][467][589] ((123) (456) (789) — (124) (358) (679)+(125)(348) (679)+(134) (256) (789) —
(135)(246) (789) + (145) (268) (379) ) +[124] [356] [789] (—3(123) (456) (789) + (123) (468) (579) + (135) (247) (689) —
(135)(267) (489) — (137)(258) (469) ) +[124] [357][689] (3(123) (456) (789) — (123) (468) (579) — (135) (246) (789) +
(136)(258) (479))+[124][358][679] ((123) (467) (589) — (136) (257) (489))+[124][367] [589] (— (123) (456) (789)+
(123)(458) (679) +(135) (246) (789) — (135)(268) (479))+[124] [368] [579] ((123) (456) (789) — (123) (457) (689) +
(135)(267)(489))+[125][346][789] ((123) (456) (789) +(123) (458) (679) — (123) (468) (579) — (134) (257) (689) +
(134)(267) (589)+(137)(248) (569) ) +[125] [347][689] (— (123) (456) (789) + (123) (468) (579) + (134) (256) (789) —
(136)(248) (579))+[125][348][679] (— (123) (467) (589)+(136) (247) (589) )+ [125] [367] [489] (— (134) (256) (789) +
(134) (268) (579))—[125][368][479] (134) (267) (589)+[126] [347] [589] (— (123) (458) (679)+(135) (248) (679) )+
[126][348][579]((123) (457)(689) — (135) (247) (689)) — [126] [357] [489](134) (258) (6 79) +
[126][358][479](134)(257) (689)+[127][348][569] (— (123) (456) (789)-+(135) (246) (789)) —

[127][358][469] (134) (256) (789)+[134][256][789] (— (123) (467) (589) — (125) (347) (689) +(125) (367) (489) +
(127)(358) (469))+[134] [257][689] ((125) (346) (789) — (126) (358) (479))-+[134][258] [679] ((123) (456) (789) +
(126)(357) (489))+[134] [267][589] (— (125) (346) (789)+ (125) (368) (479) ) — [134][268][579] (125) (367) (489) +
[135][246][789](— (123) (457) (689) +(123) (467) (589) +(124) (357) (689) — (124) (367)(589) — (127) (348) (569)) +
[135][247][689]((123) (456) (789) — (124) (356) (789)+(126) (348) (579) ) — [135][248][679] (126) (347) (589)+
[135][267][489]({124) (356) (789) — (124) (368) (579))+[135][268][479] (124)(367) (589) —
[136][247][589](125)(348) (679)+[136][248][579] (125)(347) (689) +[136] [257] [489] (124) (358) (679) —
[136][258][479] (124)(357) (689) — [137][248][569] (125) (346) (789) + [137] [258] [469](124) (356) (789) +
[145][267][389](— (123) (456) (789) +(123) (468) (579)) —[145][268] [379] (123) (467) (589) —
[146][257][389](123)(458) (679)+[146][258][379] (123) (457) (689) — [147] [258] [369] (123) (456) (789).

)
)
)
)
)
)
)
)
)
)

(
(

(7.12)

Remark 7.4.1. In principle, one may also compute the rank condition on F' in terms of
brackets. However, the degree in brackets gets quite large. For eight points in P2, by Cramer’s
rule each entry of F'is a 8 x 8 minor of the Segre matrix of the eight points. Thus one may
express the rank condition as a polynomial of bi-degree (8,8) in the brackets [I] and (J) on
two copies of Bsg.

We close this section with a theorem which states that in general, existence of a common
recovery implies that the fundamental matrix has rank at most two. When there are k% or
more points, there is an additional condition that the Segre matrix must drop rank. Theorem


https://github.com/lizziepratt/SegreDeterminant
https://github.com/lizziepratt/SegreDeterminant
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7.4.2 is a consequence of the more general Theorem 2 in | | (thanks to Timothy Duff
for pointing this out). However, we include a self-contained proof for our setting.

Theorem 7.4.2. Let A and B be distinct configurations of k* — 1 ordered points in P*~1.
Suppose that there exists a configuration of ordered points C' in P?*=3 and linear projections
Ty, my o P23 s PR such that 7, (C) = A and mo(C) = B. Furthermore, suppose that
the points are sufficiently generic for the kernel of the k* x (k* — 1) Segre matriz to be
one-dimensional. Then the kernel F', when viewed as a k X k matriz, has rank at most two.

Proof. Our strategy is to construct a matrix F' of rank at most two, such that for each pair
(a,b) of points in P*~1 which are projections of a common point in P?*=3, the product b” Fa
vanishes. Since b' Fla = Z” F;a;b;, this would imply that the 1 x &* flattening of F is in
the left kernel of the k? x (k% — 1) Segre matrix. We first fix a partial inverse ¢ to ;. Define
V= 7r2(/ker\7rl), which is a (k — 2)-dimensional subspace of R*. Let M be the map 7, o ¢.

In summary, we have the data in the following commutative diagram:

P2k—3
<P 7 N
// \\ 7'['2
Ko™ !
]P)k—l ______ M N Pk_l

Then consider the map

F:Gr(1,k) -—-» Gr(k — 1, k)
=V d M)

This map is linear in x in the sense that it is component-wise given by linear forms. More
precisely, representing V' with a (k — 2) x k matrix and M(x) with a 1 x k matrix of the
same names, the dual Pliicker coordinates of F'(x) are the (k — 1)-minors of the (k — 1) x k
matrix

M ()
(7.13)
v

The map £ is thus represented by a matrix, which we will call F. Its base locus is P(V).
Thus the rank of F is two and the image is all hyperplanes in P! containing P(V) =
P(ker F'). Now, suppose that there exists ¢ such that m1(c¢) = a and my(c) = b. Then ¢ is in
the projectivization of the vector space p(a) @ ker ;. So ma(c) = b is on the line F(a). In
terms of matrix representatives, we then have b Fa = 0. O

Remark 7.4.3. Theorem 7.4.2 gives a necessary condition for two point configurations to be
projections of a common configuration. Theorem 2 of | | proves this is also sufficient,
and Section 5.1.2 gives an algorithm for reconstructing the points and projection matrices.
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7.5 The Segre coefficient variety

In this section, we introduce the Segre coefficient variety, which parameterizes Segre deter-
minants of points in Gr(k, k¢). The ambient space of the Segre coefficient variety is the
projectivization of the vector space spanned by degree k£ monomials in the B-variables. We
prove in Theorem 7.5.2 that the linear span of these Segre determinants is as large as possible;
namely that it equals the multilinear component. This results in Corollary 7.5.3, which states
that for k = 2, the Segre coefficient variety recovers the GIT quotient M, o parameterizing
configurations of labelled points on the projective line.

Let Gr(k, k¢)° C Gr(k, kl) be the Zariski open subset of points whose matroid is uniform.
Consider the map

VI Gl"(/{?, /{?f)o — PHO(GI‘(E, k€)7 OGr(&kg)(k'))

A — Seg(A, B). (7.14)

The map 7 sends a point A to Seg(A, B), viewed as a polynomial in the B-coordinates. While
7 is defined without choosing a basis for the target space, it is often convenient to take a basis
of standard B-monomials of degree k for Oy ¢k (k), as in Example 7.5.1. Then 7 sends A
to the vector of A-coefficients of the standard B-monomials appearing in Segy, ,(A4, B). We
define the Segre coefficient variety Coeff(Seg,, ,) as the Zariski closure of the image of 7.

Example 7.5.1 (Segre cubic). From Example 7.3.1 we get the map

7 Gr(2,6)° — P*
A — ([12][34][56] + [14][25][36], (7.15)
— [13][25][46], [12][35][46], —[12][34][56], [13][24][56]).

Its image is cut out by the following degree 3 polynomial, which is known as the Segre cubic:
LoIl1Tl3 — X1X2X3 — TolaLy — L1X2X4 — T1X3L4 — ToX3T4.

The corresponding variety is the Segre cubic threefold. 1t is the unique (up to isomorphism)
cubic hypersurface in P* with ten ordinary double points, the maximum possible | ].

The Segre coefficient variety recovers a known construction for £ = 2, namely the GIT
quotient (P')%//SL, parameterizing configurations of 2¢ distinct points on a projective line.
This is defined as Proj R, where R is the graded ring of S Ls-invariants of 2¢ ordered points
in P'. This ring is studied by Howard, Millson, Snowden, and Vakil in | ], and they
give generators for the ideal of relations between these invariants. The equivalence of that
construction with our construction rests on Theorem 7.5.2.

Theorem 7.5.2. Every monomial of the form [I1]---[I,] with I, U ... U I, = [kl] appears
in the linear span of the coefficients of the B-monomials in Segy ,(A, B).
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Proof. Let V be the vector space spanned by monomials [I] - - [I,] such that [; U ... U, =
[kf]. Suppose for contradiction that the coefficients of the Segre determinant do not span
V. Then there is a linear relation among them when Seg; ,(A, B) is written in the basis of
standard monomials. Thus the Segre coefficient variety lies in a hyperplane in P(V).

We show that the Segre coefficient variety does not lie in a hyperplane, so that the
assumption is false. To do this, we will produce a collection of points in Coeff(Seg,, ,) whose
linear span is all of P(V).

Consider the point A in Gr(k,kl) given by the rowspan of a matrix where columns
(1 — 1) + 1 through i¢ are equal to e;, for 1 < i < k. The Segre matrix in (7.1) develops a
block form in this case. Explicitly, if we choose the basis e;®eq, e1®es, ..., e1Rey, ..., exRey
for V@ W, then the Segre matrix will have k blocks of size ¢ x ¢ along its diagonal and be
zero elsewhere:

b11 . blg

Segy, (A, B) = det

0 bi(k—1yer1 -+ bike

i be(k—1ye+1 -+ bege]

The determinant (up to scalar) factors as (1---€)((+1---20)---((k—1){+1---k0),
where as before the angle brackets are minors of the B-matrix. Thus the Segre determinant
of T4 is nonzero, so the map 7 extends from Gr(k, k()° to A. By symmetry, we may take
any point A given as the rowspan of a matrix whose columns are partitioned into k classes
of ¢ pairwise parallel elements. By continuity, the image 7(A) will be in the closure of the
Segre coefficient variety. The collection of these points together spans all of P(V). n

We call the span of the monomials in Theorem 7.5.2 the multilinear component of the
vector space of degree k monomials in the Pliicker coordinates of Gr(k, k¢). The projectiviza-
tion of the latter vector space appears as the target of the map (7.14). In this language,
Theorem 7.5.2 says that the monomials appearing as coefficients of Segre determinants of
points in Gr(k, k¢) span the whole multilinear component.

In the case k = 2, another spanning set of the multilinear component is given by Kempe’s
matchings. These are directed planar graphs with n labelled vertices embedded in a disc,
where vertices are in clockwise order and each vertex has degree one; see Figure 7.1.

To each such graph I' we associate the SLo-invariant

XF = H (flfzy] — ZE]yZ) .
(i—j)el

Kempe proved that the set of X1 span the space of invariants of SLy, acting on V®", where V
is 2-dimensional and SL, takes the standard action on each component of the tensor product.
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ot
ot

Figure 7.1: Two Kempe diagrams for n = 6

Furthermore, the non-crossing matchings, i.e. the graphs I' with no internal crossing edges,
form a basis | |. Denoting the multilinear component by W, the map

e (VESe 5 W
Xr— [ i) (7.16)

(i—j)erl

is an isomorphism of vector spaces. That is, consider the expansion of each Pliicker monomial
in the 2 x 2 minors of a 2 X n matrix with entries z1, ..., x2,. Then a set of Pliicker
monomials is dependent if and only if the expansions are dependent in C[zyy, ..., x,]. This
identification of vector spaces leads to the following corollary.

Corollary 7.5.3. The variety Coeff(Seg, ;) is isomorphic to the GIT quotient (P*)*//,, SLa,
where w = 1?* is the linearization.

Proof. Let n := 2(. Let R denote the ring of invariants of SL, acting on (P')", where we
choose the linearization (1, ..., 1) of the action. That is,

R:=@H((PH)", 0, ..., d)).

By Kempe’s theorem, R is generated in degree one | ]; for a more modern proof see

, Theorem 2.1]. Let RM denote the degree one piece of R. The quotient map
Sym(RM) — R gives a map Proj R < Proj Sym(R()). Thus we obtain an embedding of
the GIT quotient Proj R into the projectivization P(R™M) of the vector space RV, By ¢ we
denote the composition

@ : (PHY" --» (PY)"// SLy — P(RW).

The stable locus of ¢ contains the dense open subset U of tuples of n distinct points in
(PH"; see e.g. | , Section 7.1]. Because U is dense and ¢ is continuous, we have that
the Zariski closure ¢(U) is equal to the Zariski closure of the image of .
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Let Mat(2,n)° denote 2 X n matrices whose maximal minors are nonzero. By composing
with the projection map from Mat(2,n)° to U, we obtain

G : Mat(2,n)° — P(RW).

This map is invariant with respect to the action of SLy on Mat(2,n)° by left multiplication.
Thus it factors through the Grassmannian Gr(2, n), and in particular through the open subset
Gr(2,n)° of points whose Pliicker coordinates are nonzero. Let H : Gr(2,n)° — P(RW)
denote the resulting map, of which the closure of the image is the embedded GIT quotient.

We will show that the closure of the image of H is linearly equivalent to the image of our
map 7 defining the Segre coefficient variety, which will prove the theorem. Let I'y, ..., [, be
the non-crossing matchings, whose corresponding invariants span R"). By composing with
the isomorphism ¢ from (7.16), we may write H in our graphical basis as

Gr(2,n)° — B(W)

A [ I G T )

(i—j)er (i—j)els

where [i7] denote the Pliicker coordinates of A. These are certain monomials [I1] - - - [I;] where
I U...UI, = [2(]. Theorem 7.5.2 tells us that every such monomial lies in the linear span
of the coefficients of the Segre polynomial, so the image is linearly isomorphic to the Segre

coefficient variety. O

If we drop the assumption that Iy U ... U I, = [kf] and instead range over all sets
{I, ..., I;} with entries in [k/], the collection of monomials [I1]- - - [;] uniquely determines
the torus orbit closure; see e.g. | , Chapter 13]. However, the map 7 is not injective

on generic torus orbit closures in general. This is because Kempe’s theorem is not true in
general for k > 3.

Example 7.5.4 (Six points in P?). From Example 7.3.1 we have that the Segre coefficient
map is linearly equivalent to the map

7 : Gr(3,6)° — P*

A — ([123][456], [124][356], [125][346], [134][256], [135][246]). (7.17)

Note that the dimension of the Chow quotient Gr(3,6) ! /C® is four; indeed, if we interpret
this Chow quotient as a parameter space of points in P?, then we may computing this
dimension by fixing the first four points, and leaving two points free. Thus the map (7.17)
is surjective. We will argue that it is a 2 : 1 cover.

Let R be the ring of invariants of six points in space, namely

R = (Psym*(C’) @ - - @ Sym?(C?))*®), (7.18)



145

where there are six factors in the tensor product. The dimension of the dgraded piece of R
is equal to the number of semi-standard Young tableaux with shape (2d, 2d, 2d) and filling
(d,d,d,d,d,d). The dimensions of the first few graded components are 1,5, 16,40, 85, 161, .. ..
We determine the Hilbert polynomial of R by finding the dimensions of the graded pieces
from degree 5 to degree 9 and interpolating. This gives

h(z) = (1/12)x* + (1/2)2* + (17/12)2* + 2z + 1.
The degree one part of the ring is spanned by the brackets
xo = [123][456], 1 = [124][356], x5 = [125][346], x3 = [134][256], x, = [135][246].

We claim that this ring is generated by its degree one piece and a single degree two generator
y = [123][145][246][356] — [124][135][236][456]. There is a single relation in degree four, where
xo through x4 correspond to standard monomials:

$0$%$4 + $0$1$421 - ($3$1$4 + 21294 + ToX1T3T4)+

7.19
((x3 + 2072 + ToT3 + Tox3) — (ToT1 + ToTs + T124))y +y° = 0. ( )

Thus the ring of invariants R = S[y| is an integral extension of S of degree two. One could
also deduce that S # R purely from the Hilbert function of R; indeed, the dimension of R
is 16, but the space of degree two polynomials in five variables is only 15-dimensional. The
Hilbert series of the ring is

1—¢ 1+ ¢
h(t) = _
(1—=¢)5(1—1¢2) (1—1t)°
This example can also be found in | |. The quartic polynomial y is zero if and only if

the six points lie on a conic.

For a concrete example of two points in the source of (7.18) which map to the same point
in P*, we parameterize the Grassmannian by 3 x 6 matrices. Then by taking products of
3 x 3 minors as in (7.17) the following two matrices have nonzero Pliicker coordinates and
both map to the point (—2,2,9,2,8) under the map =’

0111 1001 1 1
0124, g¢g:=10101 -4 —2
1135 0011 -3 —1

o = O

1
p =10
0

However, their torus orbit closures are different. We may see this by noting that
[123][145][246][356] evaluates to —8 for the first point and 4 for the second in the affine
chart given by [123] = 1, and is constant on torus orbits. o

Recall that by Theorem 7.3.2, the Segre determinant computes the Chow—Lam form of
a torus orbit closure. From the point of view of the Chow—Lam form, this gives us a new
family of varieties which are distinct but have the same Chow-Lam form, thus building on
the work of Chapter 6.
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7.6 Questions and Extensions

The general case of k = 3 would be interesting to explore. In this case, when n is a multiple
of three, the ring of invariants R is defined as in (7.18), but with n factors in the tensor
product. In the case where n is not a multiple of three, we use the grading

R, = P Ssym*(C?) & --- @ Sym*(C?). (7.20)
d

where again we have n factors in the tensor product.

Let S be the subalgebra of R generated by the degree one part. The inclusion S C R
is often proper, including in the case n = 6 and 7. The degree [k(S) : k(R)] is equal to the
number of general torus orbits in Gr(3,7n) which share a given Chow—Lam form. Thus it is
a meaningful number to compute from the point of view of Chow-Lam recovery.

Question 7.6.1. Let R be the invariant ring of n points in the plane, as in (7.18) for n a
multiple of three, or (7.20) otherwise. Let S be the sub-algebra generated by the degree one
part of this ring. Is the extension k(R)/k(S) finite, and if so what is its degree?

Example 7.6.2 (Seven points in the plane). The Hilbert polynomial of R; is
(413/24)25 + (413/8)2® + (1673/24)x* + (427/8)2® + (301/12)2® + Tz + 1.
The first few values of the Hilbert function are
1,225,4411,32425,145041, 481111, 1307125, 3079161, 6517225, 12691981, 23123871, . ..
and the Hilbert series is
h(t) = (t° + 218t + 2857t* + 6238t + 2857t* + 218t + 1) /(1 —t)".

The configuration space of seven points in P? has dimension six, so the graded coordinate
ring has Krull dimension seven. We computed using Julia and numerical methods that a
3786-dimensional subspace of the degree two elements are in the sub-algebra generated by
the degree one part of the ring. This leaves a 625-dimensional vector space in the degree
two part which is not generated by the degree one part. It would be interesting to interpret
these extra generators geometrically. o

We also remark that there are bases other than the bracket basis for the space of SL(k)-
invariants of a tensor product C*®...®C* of SL(k)-representations. A spanning set is given
by tensor diagrams for general SL(k). For the special case of k = 2, we recover Kempe’s
diagrams, which were featured in Section 7.5. For the special case of SL(3), these invariants
are also described by Kuperberg’s webs. There is a rotation-invariant subset of these called
the non-elliptic webs, which form bases for each graded piece of the ring of invariants.

The difficulty with the web basis is that it does not behave well under multiplication for
k greater than two. Given a web, there is no easy way to tell whether it factors into the
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product of other webs; furthermore, given two non-elliptic webs, their product is typically
not non-elliptic. Finally, it is more difficult (in the author’s opinion) to write down the
SL(3)-invariant corresponding to each web as a polynomial in the matrix entries of a 3 x n
matrix. It requires a signed sum similar to the definition of the determinant. Still, there is
a nice interpretation of Example 7.5.4 in terms of webs, which we explain as follows.

Example 7.6.3. Consider six points in P? and draw a hexagon connecting them in any
order. By Bézout’s theorem, each pair of opposite edges of the hexagon meets in a single
point. By Pascal’s theorem, these six points lie on a conic if and only those three points lie
on a line. Translating this into the language of webs, we find the web in Figure 7.3. The

2

Figure 7.2: Visual interpretation of Pascal’s theorem

argument in Example 7.5.4 tells us that there is no way to write the web invariant in Figure
7.3 as a sum of products of degree one web invariants. o

2

Figure 7.3: The web corresponding to the condition for 6 points to be co-conic
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Part IT of this thesis has been about generalizations of classical discriminants which ap-
pear in particle physics. The Chow—Lam form is a particular discriminant arise naturally
from projections between Grassmannians, which of intrinsic interest to algebraic geometry, as
well as to the study of the amplituhedron. There are many other discriminants that appear
in the study of scattering amplitudes and Feynman integrals, including the A-discriminant
in Landau analysis [21] and a new family of discriminants capturing leading singularities of
Feynman integrals [TODO papers appearing next week|. Their degrees are important
invariants in the study of amplitudes. We expect that collaborations with the physics com-
munity will continue to be fruitful for both physics and mathematics, and look forward to
further developing these connections.
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Appendix A

Poset of bases of W9,

This section contains supporting computations for the proof of Theorem 3.3.10. There are
47 combinatorial types of bases in the matroid W34 ,. They form a poset under cutting and
gluing as discussed in Subsection 3.3.4. This poset is pictured in Figure A.1. The bases are
pictured, in the order of the Hasse diagram, in Figure A.2. The graphs at the top of the
poset are K4 (number 1), the house-shaped graph (number 3), and the cycle (number 12).

Figure A.1: The poset of bases of W55, under cutting
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