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↓

Hiscriminant : a polynomial in the coefficients of some

polynomial system telling you when it has an unexpected #
of solutions.

Eg: (ax+ bx +()42 # b249c = 0 .
(if a f o)

-

( ?)

#V(ax" + bx2 + (x2 +d)(3 b2- 49c3-45d-27a2d+18abcd = 0 .

(Cardano 1500s)

#V (
do +

at azaya) E degree (4,4) polynstate
bot

- 2 variables
in ai

,
bi vanishes

/Gelfand , Kapranov , Zelevinsky's)- no yz & Sturmfels /17



Piscriminantsin the sciences

ONashdiscriminant in algebraic game theory
tAbo-Portokal-Sodomaco 126]

- n players , I strategies , n payoff tables with"entries

- for which payoffs does the # of equilibria drop ? J

② king singularityscriminant for Feynman integrals in

[Hollering - Mazzucchelli-Parisi-Sturmfels /26) Particle physics
see also [Fevola-Mizera-Telen 124] multigraded

Hurwitz
- integrals depend on parameters (a)(X -b)

forms

- for whichparameters does the integral develop
poles or branch cuts

?



Setup : XIP" codimd .

Consider

2): dim L = d
,
L is tangent to X at ptXreg5 = XX((d , n)

Thewitzlosistheprojectiontoapersurface)
else Hx := 1

-
E Hx G(1 ,2)&

... IP3 Hx[Q(1 , 3)



ExcocindconsideSeeg3[Xx (n)
The HurwitzLocus Hy is the projection to 1G(d,n) .

&

eg : X is the toric Variety given by 10 ,11 11 ,1)
4

4 : (d*- P 3
(G(2, 4) (x, y) 1 [sixix : y :x] 10

,01 11
,
01 12,03

Fix =St:nx1 33
#

#V(gotax
+ anx

anytaux) weast

↳ : Ker [8: ]



Setup : XIP" codimd .

Consider

I: Ltangent to Xat p + Xreg3 [XX (d
,
n) .

The HurwitzLocus Hy is the projection to 1G(d,n) .

eg : X is the toric variety given by

((+-
Y

.
(x, y) 1 [lixixy : x y]

Then

· Hx : -Ker[agazaan: #LX (33Gl

·

Hylai ,bil
=0 #Solns to

d0+ ax+ + anxy)3
bo + b

,
x+ + byxy



p_(0,2,3) ^2*p_(1,2,3) ^2-4*p_(0,1,3) *p_(1,2,3) ^3+p_(0,2,3) ^2*p_(0,2,4) ^2+p_(0,1,4) ^2
*p_(0,2,4) ^2-2*p_(0,1,3)*p_(0,2,4) ^3-2*p_(0,2,3) ^3*p_(1,2,4)+8*p_(0,1,3) *p_(0,2, 3) *p_(1,2,3)*p_(1,2,4) -4*p_(0,1,4) ^3*p_(1,2,4) 
-2*p_(0,1,3) *p_(0,2,3) *p_(0,2,4 ) *p_(1,2,4) +8*p_(0,1,3) *p_(0,1,4) *p_(0,2,4) *p_(1,2,4) -8*p_(0,1,3) ^2*p_(1,2,4) ^2-
2*p_(0,1, 2) *p_(0,2,4) ^2*p_(0,3,4) -2*p_(0,1,2) *p_(0,2,3)*p_(1,2,3) *p_('1,3,4) +8
*p_(0,1,2) *p_(0,2,3) *p_(0,2,4)*p_(1,3,4)+10*p_(0, 1,2)*pL(,1,4)*p_(0,2,4) *p_(1, 3
, 4) - 20*p_(0,1,2)*p_(0,1,3)*p_(1,2,4)*p_(1,3,4) +p_(0,1,2) ^2*p_(1,3,4) ^2-2*p_(0,1, 2) *p_(0,2, 3) ^2*p_(2,3, 4)+12*p_(0,1,2)*p_(0,1,3) 
*p_(1,2, 3) *p_(2,3,4) - 12*p_(0,1,2
) *p_(0,1,4) ^2*p_(2,3,4)+12*p_(0,1,2) ^2*p_(0,3,4)*p_(2,3,4)

Warning
hurwitzForm

· Equations are hard :

o Degrees are easier :
-

#th (Sturmfels7) Let XEP" be irreducible , degree 72's Then

cocim Sing(X) > 2 . Let d = deg X , g
= sectional genus of X .

-

Then ↓

deg Hy = 2d + 2g
- 2

.

ggcom(L1X)
ens?dim L = d+ 1



Notation :

· For I = (H1 , . . .,He) define multiprojective space

= p"x ... xphe

· ForI = (1 , ..., del define

Ga : = G(x,M ,) x ... "Glae ,Mel
=

· varieties have multidegree

[x] = [ Ext ,
"
... tede + H

* (1)
Kl = codima

· Its: ......) T phi
its

&



Setup :
Hurwitz-Lam form

· XIP"x ... x phe codima
For X1 G(K, n)

I x = (x1
, ..., [e) with 11 = a+... + de = d

The MultigradedHurwitz incidence is

ELL,
x ... xhe tangent to X a+ p+Xreg 32XGa-but Ng(L) not tangent to Its (X)

TheMultigraed Hurwitz Locus HY is the projection to Ga .



eg: X = toric Four-fold d= 2 ,0) ,
10 ,2),

(c* )"- p X 3

(x
, y , z ,w)

-> Exy : z : w : 1) x Izw : x :

y
: 17

· Write L = Ker [02] , Le =Ker L=,x
↑ deg (b , x)
(1, 17

· Then Hx (aisbi , Cidil = 0 in G(1 ,3) XG(1 ,3)

# Sauxy
+ a ,z + azw + az = boxy

+ b
,
z + bzw + by = 0

has < 4 solns

Cozw + xX+ (2y
+( = dozw + d

,
X + dzy + di

= 0

(1, 1)

Hx is a#discriminant [Cattani-Cueto-Dickenstein - Di Rocco-Sturmfels1]



Regen,
Genera

The Multidegee of XP codimd is

[x] = [GaT,
"
... Tede

1x1=d

The Mtisectionalgenus for IB1
= d + 1 is

gp
: = ggeom (X1L , X ... xLe) dim Li = Bi

Li generic.

#m (P-Sodomaco-Sturmfels26)
Suppose da >, 2 and Mi > max (2 , 1 + di) .

The Multigraded Hurwitz form HY is an irred variety in Ra of

degree (H, ..., Hel , where

U: 219aei + 82 -E) · Eas?



Leefn : A curve CEIP is polynodal if Ms (C) has at most

nodal singularities for any Stl] .

S C------ - S
not allowed

2 2
[PXP = ph

A variety XEIP is polymal if its general linear sections are

#m (P-Sodomaco-Sturmfels26)
Suppose da 7, 2 and Mi >, max (2 , 1 +di) and X is polynodal.

Then

u , =
D=ge

+-1

(non-eg: toric 4-fold)



ToricVarietiesaDe are polytopes in & ,
for dye

=> X P with ni = (Pin
* )

= -
-

o Write
↓minkowski

sum volume
vol(T, P, +... + TePe) =: [ MrTY ...Te -

1x1 = d = polynomial
-

·hm (Bernstein) mixed volumes
of P. s ..., Pe

[x] = [Mr/re! )T
# (hovanskii)

IB-w/
-

gp(x) =
2(- ) (in+ (5 ,P +.. +ePe)1%

polynoda??08 - B &Q : when

RK : Nash discriminants are of this form .



Discriminantsin Physes
0 In

by almomentum spacesparticles
are representa

-

· Momentum Vectors Li = rowspan Li have an iner product :
↳ 2x4 matrix

(4
,
(2) : = det i

-

- I = Piz(t ,(P34((2) - Pg(4)Paulla) +...."
- 4 - ↳ extends
4

where <L(2) = 0 E L,
Meets 12 in

3
to p5

· Feynman integrals are associated to (dual Feynman) graphs :
3

at most M7

5 at g
m

dL
,dhz: I Mi, 4)each ·4 12% <Mi

,
4) ... <Mz

,
42] <h , (2]Vertex Mi

- My M u
& G

=
7 parameters

E pendant edges , 5-C: at ViH



does#itmenta
michh Mi My

dL
,dhz ·

IG I 12!
- -

-u

G

develop poles's branch cuts ?

· Va : = &(L , ..., Le) : if (iv) + G , then Chist) = 03 .

·Codim Va = l + IEG) in (1P5)e [G(1 ,3)9((p5)9
Q(1 ,37p5

= 2+ 1 = 3

The Hurwitz form Hd is the leadingsingularitycriminant

Vo

of the Feynman integral IG, physicists
-

[Hollering-Mazzucchelli-Parisi-Sturmfels'26]



# (P-sodomaco-stormfels)

write [GaT := 2 T...Te TT (Ti +Ti
ij -G

The degree of His is bounded by

Mi = 201 + [(Gateie: -j +degree (i)
i + [e]

xi+70

eg: e ,
x= (2,

Then Hi R11 , 5) x12,5) degree 14
,
4)

But Ex = 4 E bounded by 14 ,9) .

Thanks for listening!


